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•On-shell methods for loop amplitudes

•NLO computations with NJET + SHERPA

• pp → 5 jets

• pp →      + 3 jetsγγ
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Figure 2: The distribution of the sum of the masses reconstructed from all the particles originat-
ing at the SVs, mSV, J1 + mSV, J2 , (left) and the distribution for the variable HT (right) in the alter-
native looser b-tag selection. These two distributions are the projections of the two-dimensional
fit performed as a cross-check and described in the text. Signal and background yields corre-
spond to the post-fit results. The uncertainty band corresponds to the total uncertainty in the
fitted yields. The last bin in both figures includes overflow events. The lower panels show the
ratio of observed data events to the total fitted yield.
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Figure 1: Measurement of R32 and NLO predictions using the NNPDF2.1 (top left), the ABM11
(top right), the MSTW2008 (bottom left), and the CT10 (bottom right) NNLO PDF sets. In the
upper panel of each plot, the ratio R32 (solid circles) together with the NLO prediction (solid
line) corrected for nonperturbative effects (NPC), the scale uncertainty, and the PDF uncer-
tainty are shown. The bottom panels show the ratio of data to the theoretical predictions, to-
gether with bands representing the scale (dotted lines) and PDF (solid lines) uncertainties. The
error bars correspond to the total uncertainty. For each PDF set the respective default value of
aS(MZ) is used as indicated.
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Figure 1: Observed ET/ distributions and the corresponding predictions from the LS and MT
methods for the Nb = 2 (top) and �3 (bottom) bins. The hatched areas show the combined
statistical and systematic uncertainties of the predictions. For purposes of comparison, the
distributions for SUSY model A with either meg = 1250 GeV and mec0

1
= 0 GeV, or meg = 1000 GeV

and mec0
1
= 600 GeV, are shown. Values and uncertainties for the prediction in the highest ET/

bin correspond to the average for the range 450–1000 GeV.

ET/ distribution from simulation to form the full model describing the genuine ET/ distribution
of SM events.

3.4 The fit to the missing transverse momentum spectrum in the MT method

The model for genuine ET/ in SM events is convolved with the ET/ resolution templates described
in Section 3.1 and used in a simultaneous fit to the ET/ shapes in control regions in the Nb = 1
and Nb = 2 bins. The control regions are chosen in order to ensure reasonably small statistical
uncertainties and to limit potential contributions from signal events: for events with two b-
tagged jets the control region is defined by 400 < HT < 750 GeV and 150 < ET/ < 400 GeV,
while for one b-tagged jet it is extended to 400 < HT < 2500 GeV and 150 < ET/ < 1500 GeV.

Because of limited statistical precision in the control regions, we are unable to obtain a reliable
estimate of b from data. We use a constraint from simulation together with an uncertainty
derived from a comparison between data and simulation in control regions with lower jet mul-
tiplicity. The constraint is implemented as a Gaussian term corresponding to the value and its
statistical uncertainty obtained from simulation, b = 0.03 ± 0.01. The prediction from simula-
tion for Nj = 3–5 is b = 0.15–0.05, consistent with the data. The maximum difference between
data and simulation in any of these three Nj bins of 0.05 is used to define a systematic uncer-
tainty in the prediction. The parameters of the error function (Section 3.3) are constrained by
Gaussian terms reflecting the respective values and covariance from simulation.

The predictions for the Nb = 2 signal regions are obtained by integrating the function repre-
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Figure 6: The number of observed events in the ≥ 6- and ≥ 7-jet bin is compared with expectations that
are determined by using Pythia to project the number of observed events from low-jet multiplicity control
regions. The red-colored distribution, representing the projection across two jet multiplicity bins, is the
one that will be considered as the final background prediction in each case, while the other projections
are treated as cross-checks. No b-tags are required. The contents of the bins represent the number of
events with at least 6 jets passing a given jet pT requirement. The data are compared with the background
expectations from the projections. In the ratio plots the green bands convey the background systematic
uncertainties.
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Figure 7: As Fig. 6 but with at least one b-tag required.
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Next-to-leading order
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On-shell amplitudes in gauge 
theory

loops from trees

physical d.o.f.

unitarity

amplitude structure

colour ordered primitive amplitudes
fixed external legs and propagators

simple final expressions

 MHV(i− , j− ) = 〈ij 〉4

〈12〉〈23〉〈n1〉

Parke,Taylor (1986)



One-loop amplitudes
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Unitarity and Discontinuities
1 = SS† = (1 + iT )(1� iT †) ) TT † = i(T † � T )

A = hi|T |fi 1 =
XZ

dLIPS|kihk|

)DiscPi,j�1(A
(1)) =

XZ
dLIPS(k, Pi,j�1)�

(+)(k)�(+)(k � Pi,j�1)

A(0)(k, pi, . . . , pj�1,�k � Pi,j�1)A
(0)(k + Pi,j�1, pj, · · · , pi�1,�k)

Classic S-matrix theory - 
perform dispersion integral to 

obtain full amplitude
pij

l2

l1

pjp1im1

Cutkosky rules:
imaginary part obtained from

Modern unitarity method - 
use cuts to find coefficient 

of basis integrals

1 = SS† = (1 + iT )(1� iT †) ) TT † = i(T † � T )

A = hi|T |fi 1 =
XZ

dLIPS|kihk|

)DiscPi,j�1(A
(1)) = intdLIPS(k, Pi,j�1)�

(+)(k)�(+)(k � Pi,j�1)

A(0)(k, pi, . . . , pj�1,�k � Pi,j�1)A
(0)(k + Pi,j�1, pj, · · · , pi�1,�k)

1

k2 + iO+
�! i�(+)(k2)

Bern, Dixon, Dunbar, Kosower (1994)



Generalized Unitarity
generalized discontinuities: put more propagators on-shell

Britto, Cachazo, Feng (2004)
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Generalized Unitarity
top down: subtract leading singularities 

and perform further multiple cuts
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stable numerical algorithm -purely algebraic

Ellis, Giele, Kunszt, (2007)
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to span loop space
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Loop integrals: QCDLoop/FF (Ellis, Zanderighi), 
OneLoop (Van Hameren), ...

SB (2009)
Giele, Kunszt, Melnikov (2008)
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Dealing with colour

SB, Biedermann, Uwer, Yundin [1209.0100]

Ellis, Kunszt, Melnikov, Zanderighi [1105.4319]

Ita, Ozeren [1111.4193]

combinatorical approaches: Melia [1304.7809,1312.0599]; 
Schuster [1311.6296]; Weinzierl, Reuschle [1310.0413]

Feynman diagram 
matching algorithm

match topology only

4-gluon vertex not needed

diagrams symmetries reduce independent set of 
primitives (e.g. Furry’s theorem)
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diagrams

invert to find independent 
set of primitives



Dealing with colour

Number of primitives in tree, mixed and fermion loop amplitudes

Process N
[0]
pri N

[m]
pri N

[f ]
pri

4 g 2 3 3
uu + 2 g 2 6 1

uudd 1 4 1

Process N
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uu + 3 g 6 24 6
uuddg 3 16 3
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uudd + 2 g 12 80 13
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uu + 6 g 720 5040 1800

uudd + 4 g 360 3360 671
uuddss + 2 g 120 1344 194

uuddsscc 30 384 65

14 / N

large numbers of primitive 
amplitudes for high multiplicity

use phase space symmetry to 
reduce computational cost

Desymmetrized gluonic amplitudes

Special non-symmetric gluon colour sums
I Contain significantly fewer loop primitives
I Give original full colour sums after symmetrization

‡V
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⁄
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n

A(0)† · C
n!◊(n+1)!/2 · A(1)

= (n ≠ 2)!
⁄

dPS
n

A(0)† · Cdsym
n!◊(n+1) · A(1),dsym

n!/2 reduction of time per point2

gg æ 3g gg æ 4g gg æ 5g

Standard sum 0.22 s 6.19 s 171.31 s
De-symmetrized 0.07 s 0.50 s 2.76 s

Speedup ◊ 3 ◊ 12 ◊ 60
2Where n is the number of final state gluons

16 / N

factor of (final state gluons)!/2 retain full colour information



Automation with NJET

Numerical implementation in C++

Trees off-shell recursion (Berends-Giele)

Loops generalized unitarity 

Colour full (via primitive matching),
de-symmetrized, leading/sub-leading

Interface Binoth Les Houches Accord (python)

building on NGLUON [1011.2900]

SB, Biedermann, Uwer, Yundin [1209.0100]
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time for evaluation in double precision, T4 digits is the average time estimated to obtain a result correct to 4
digits using the phase space cuts of section 4.2. All times include the two evaluations necessary to obtain the
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gg→ 2g gg→ 3g gg→ 4g gg→ 5g
standard sum 0.03 0.22 6.19 171.31
de-symmetrized 0.03 0.07 0.57 3.07

Table 5. Timing estimates in seconds for the de-symmetrized colour and helicity summed gluonic channels.
All times include the two evaluations necessary to obtain the accuracy estimate via the scaling test and were
obtained on an Intel(R) Xeon(R) CPU E3-1240 @ 3.30GHz.

percentage of rescued points from the accuracy tests in the previous section. On average quadruple
precision evaluation was found to be between 7 and 8 times longer than double precision. We stress
that even in the worst case of the seven gluon amplitude the required reevaluation only doubles the
total run time.

Table 5 shows the evaluation times using the de-symmetrized colour sums for the pure gluonic
channels which exploit the Bose symmetry of the final state. Though these channels benefit the
most from this treatment the complex channels with a single fermion pair would also see a con-
siderable speed up. Again we stress that these de-symmetrized sums contain the same full colour
information as the standard ones after the integration over the phase-space or equivalently after
explicitly summing the 12(n−2)! permutations of the final state gluons.

5 Conclusions

In this paper we have presented the C++ library NJET for the numerical evaluation of one-loop
amplitudes for multi-jet production at hadron colliders. Using generalized unitarity together with
off-shell recursion relations we were able to construct multi-fermion primitive amplitudes at a
computational cost growing polynomially with time. Accuracy estimates obtained by applying a
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Monte-carlo interface

• BLHA - Binoth Les Houches Accord ([1001.1307], updated [1308.3462])

virt[0,−1,−2]

order.lh

njet.py

contract.lh

OLP_Start("contract.lh",status)
OLP_EvalSubProcess(mcn,pp,

mur,alphas,rval)

born

error[0,−1,−2]

order file
# OLE_order for 5jet production

MatrixElementSquareType CHsummed
CorrectionType QCD
IRregularisation CDR
AlphasPower 5
# process list
21 21 -> 21 21 21 21 21
1 -1 -> 21 21 21 21 21
1 -1 -> 21 -2 2 21 21
1 -1 -> 21 -1 1 21 21
1 -1 -> 21 -2 2 -3 3
1 -1 -> 21 -2 2 -2 2
1 -1 -> 21 -1 1 -1 1

contract file
# OLE_order for 5jet production
# Generated file. Do not edit by hand.
# Signed by NJet 3900867518.
# 12 1 1e-05 0.01 0 1 1 1 1 0 3 5
MatrixElementSquareType CHsummed | OK
CorrectionType QCD | OK
IRregularisation CDR | OK
AlphasPower 5 | OK
# process list
21 21 -> 21 21 21 21 21 | 1 1 # 70 120 4 64 0 (-2 -1 3 4 5 6 7)
1 -1 -> 21 21 21 21 21 | 1 2 # 71 120 4 9 0 (-1 -2 3 4 5 6 7)
1 -1 -> 21 -2 2 21 21 | 1 3 # 72 6 4 9 0 (-1 -2 4 5 3 6 7)
1 -1 -> 21 -1 1 21 21 | 1 4 # 73 6 4 9 0 (-1 -2 4 5 3 6 7)
1 -1 -> 21 -2 2 -3 3 | 1 5 # 74 1 4 9 0 (-1 -2 4 5 6 7 3)
1 -1 -> 21 -2 2 -2 2 | 1 6 # 75 4 4 9 0 (-1 -2 4 5 6 7 3)
1 -1 -> 21 -1 1 -1 1 | 1 7 # 76 4 4 9 0 (-1 -2 4 5 6 7 3)

order file
# OLE_order for 5jet production

MatrixElementSquareType CHsummed
CorrectionType QCD
IRregularisation CDR
AlphasPower 5
# process list
21 21 -> 21 21 21 21 21
1 -1 -> 21 21 21 21 21
1 -1 -> 21 -2 2 21 21
1 -1 -> 21 -1 1 21 21
1 -1 -> 21 -2 2 -3 3
1 -1 -> 21 -2 2 -2 2
1 -1 -> 21 -1 1 -1 1

contract file
# OLE_order for 5jet production
# Generated file. Do not edit by hand.
# Signed by NJet 3900867518.
# 12 1 1e-05 0.01 0 1 1 1 1 0 3 5
MatrixElementSquareType CHsummed | OK
CorrectionType QCD | OK
IRregularisation CDR | OK
AlphasPower 5 | OK
# process list
21 21 -> 21 21 21 21 21 | 1 1 # 70 120 4 64 0 (-2 -1 3 4 5 6 7)
1 -1 -> 21 21 21 21 21 | 1 2 # 71 120 4 9 0 (-1 -2 3 4 5 6 7)
1 -1 -> 21 -2 2 21 21 | 1 3 # 72 6 4 9 0 (-1 -2 4 5 3 6 7)
1 -1 -> 21 -1 1 21 21 | 1 4 # 73 6 4 9 0 (-1 -2 4 5 3 6 7)
1 -1 -> 21 -2 2 -3 3 | 1 5 # 74 1 4 9 0 (-1 -2 4 5 6 7 3)
1 -1 -> 21 -2 2 -2 2 | 1 6 # 75 4 4 9 0 (-1 -2 4 5 6 7 3)
1 -1 -> 21 -1 1 -1 1 | 1 7 # 76 4 4 9 0 (-1 -2 4 5 6 7 3)



NJET + Sherpa
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Comix [Gleisberg, Hoeche (2008)]

CS subtraction [Gleisberg, Krauss (2007)]

NJET V2.0  

ROOT Ntuple event generation

leading/sub-leading colour
de-symmetrized colour sums

FastJet [Caccari, Salam, Soyez (2008)]

also:

LHAPDF [Whalley, Bourilkov, Group (2005)]
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Multi-jet production at the LHC 
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IV. CONCLUSIONS

In this article we have presented the first results for
five-jet production at NLO accuracy in QCD. We found
moderate corrections at NLO with respect to a leading-
order computation using NLO PDFs. Typically, corrections
of the order of 10% are observed. Identifying the renorm-
alization and factorization scales and using the total trans-
verse momentum ĤT as a dynamical scale leads to a flat K
factor for the differential distributions. We have compared
theoretical predictions for inclusive jet cross sections and
jet rates with data from ATLAS. With the exception of
quantities affected by the two-jet rate we find good
agreement between theory and data. As a major uncertainty
of the theoretical predictions we have investigated the
impact of using different PDF sets. While good agreement
is seen between different sets for rather inclusive quantities
and distributions that are not sensitive to a specific partonic
center-of-mass energy (in the case of distributions this
requires one to study normalized predictions), significant
differences are observed in the transverse momentum
distribution of the leading jet at large momentum.
The analysis of the ðnþ 1Þ=n jet ratios shows that the

4=3 and 5=4 predictions appear to be perturbatively more
stable than the 3=2 predictions with a modest correction at
NLO. This indicates that these quantities are good candi-
dates for future extractions of αs from the LHC data, where
reliable fixed-order predictions are mandatory. We hope the
results presented here will be useful for these and other
analyses in the future.
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APPENDIX A: NUMERICAL ACCURACY
OF THE VIRTUAL CORRECTIONS

The details of the numerical evaluation of the virtual
amplitudes included in this appendix are highly

dependent on the system architecture and integration
parameters. In our calculation a large cluster with a
wide range of different CPUs has been used and so the
information above should be considered only as a guide.
We include it here since the results may be of interest to
experts in the field.
The virtual matrix elements needed for the compu-

tation are complicated and it is important to keep a
close eye on numerical stability. In NJET this is done

TABLE IV. Average accuracy and evaluation speeds achieved
during integration of the virtual amplitudes. The abbreviations are
as follows: quadruple precision (QP); quadruple precision with
scaling test (two evaluations) (QP2); octuple precision (OP).

Virtual part Time per event QP QP2 OP

leading 17 s 2% 0.5% 0.01%
subleading 112 s 2.5% 1% 0.05%

FIG. 16 (color online). pT distribution of the leading jet. LO
uses NNPDF2.1 with αsðMZÞ ¼ 0.119, while NLO uses
NNPDF2.3 αsðMZÞ ¼ 0.118.

FIG. 17 (color online). pT distribution of the second leading jet.
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possibility to switch to octuple 
precision - not necessary in practice
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Figure 1: Full colour and leading approximation (as explained in the text) for the virtual
corrections to the transverse momentum of the 1st jet in pp ! 5j.

Generated events are stored in ROOT Ntuple format [57] which allows for flexible analysis.
Renormalization and factorization scales can be changed at the analysis level as well as the
PDF set. This technique makes it possible to do extended analysis of PDF uncertainties and
scale dependence, which would otherwise be prohibitively expensive for such high multiplicity
processes.

2.1. Numerical results
Using the above setup we obtain for the 5-jet cross section at 7 TeV

�7TeV-LO
5 (µ = bHT /2) = 0.699(0.004)+0.530

�0.280 nb, (4)

�7TeV-NLO
5 (µ = bHT /2) = 0.544(0.016)+0.0

�0.177 nb. (5)

In parentheses we quote the uncertainty due to the numerical integration. The theoretical
uncertainty has been estimated from scale variations over the range µ 2 [ bHT /4, bHT ] and is
indicated by the sub- and superscripts. As seen in Fig. 2 the total cross section at the scale
µ = bHT is lower than the central value which is the origin of the zero value of the upper error
bound. The total cross section at this scale is �7TeV-NLO

5 (µ = bHT ) = 0.544(0.016) nb. For a
centre-of-mass energy of 8 TeV the results read:

�8TeV-LO
5 (µ = bHT /2) = 1.044(0.006)+0.770

�0.413 nb, (6)

�8TeV-NLO
5 (µ = bHT /2) = 0.790(0.021)+0.0

�0.313 nb, (7)

where we have found �8TeV-NLO
5 (µ = bHT ) = 0.723(0.011) nb.

As usual for a next-to-leading order correction a significant reduction of the scale uncertainty
can be observed. In Fig. 2 the scale dependence of the LO and NLO cross section is illustrated.
The dashed black line indicates the central scale µ = bHT /2. The horizontal bands show the
cross section uncertainty estimated by a scale variation within µ 2 [ bHT /4, bHT ].

By comparing Figs. 2a and 2b we observe that a significant part of the NLO corrections comes
from using NLO PDFs with the corresponding ↵s. Similar to what has been found in Ref. [10]
we conclude that using the NLO PDFs in the LO predictions gives a better approximation to
the full result compared to using LO PDFs.



Scale dependence

Dynamical scale attempting include large logarithms
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Scale dependence
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Jet Ratios
Reliable quantities for both theory and experiment
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α S

8 5 Determination of aS(MZ)

with c2/Ndof = 22.0/20 at minimum. The experimental uncertainty contains the statistical,
JES, and unfolding sources (Eq. (4)), with the JES uncertainty being the dominant one.

The contribution of PDFs to the uncertainty of the measurement is evaluated by repeating the
fit for each of the 100 PDF replicas of the NNPDF2.1 set at the relevant value for aS(MZ). In
this way 100 determinations of aS(MZ) are obtained, whose distribution corresponds to the
propagation of the underlying probability density from the PDFs to the fitted strong coupling.
The PDF uncertainty of the measurement is then computed as the standard deviation of this
distribution. A more detailed description of the method can be found in Ref. [39].

The uncertainties due to the renormalization and factorization scales are treated separately by
varying the default choice of µr = µ f = hpT1,2i between hpT1,2i/2 and 2hpT1,2i in six combi-
nations as explained in Section 4. The c2 minimization with respect to aS(MZ) is repeated for
these six combinations. The contribution from the µr, µ f scale variations to the uncertainty in
the measurement is evaluated by considering the differences between the NNPDF2.1 aS(MZ)
central value and the highest and lowest values found in these six scale combinations. Out
of all scale combinations the lowest aS(MZ) value corresponds to the default scale choice of
µr = µ f = hpT1,2i and the highest to the scale choice of µr = µ f = hpT1,2i/2. The frequent
observation of asymmetric scale uncertainties with larger downward uncertainties in the case
of NLO cross sections is transformed into a purely upward uncertainty for the ratio, as can be
seen in Table 2.

Table 2: The values of aS(MZ) at the central scale and for the six scale factor combinations.

µr/hpT1,2i µ f /hpT1,2i aS(MZ)± (exp.) c2/Ndof

1 1 0.1148 ± 0.0014 22.0/20
1/2 1/2 0.1198 ± 0.0021 30.6/20
1/2 1 0.1149 ± 0.0014 22.2/20

1 1/2 0.1149 ± 0.0014 22.2/20
1 2 0.1150 ± 0.0015 21.9/20
2 1 0.1159 ± 0.0014 20.7/20
2 2 0.1172 ± 0.0018 21.3/20

A cross check on the impact of the top quark by imposing Nf = 6 massless flavours in the
NLO matrix elements revealed an increase by +0.0009 in the fitted value of aS(MZ). Further
effects, for example from the evolution of aS and the PDFs with five or six flavours, multijet
production via fully hadronic decays in the reaction pp ! tt̄+ X, or an incomplete cancellation
of electroweak corrections between numerator and denominator, are estimated to contribute
each at a ±1% level to the theoretical uncertainty. These residual effects are taken into account
by symmetrizing the scale uncertainty such that the largest deviation is adopted as the total
symmetric theory uncertainty.

The final result is

aS(MZ) = 0.1148 ± 0.0014 (exp.) ± 0.0018 (PDF) ± 0.0050 (theory), (6)

in agreement with the world average value of aS(MZ) = 0.1184 ± 0.0007 [4], with the Tevatron
results [5, 6, 40], and a recent result obtained with LHC data [7].

fixed order NLO good for di-jets
with asymmetric cuts

c.f. large NLO K-factors Rubin, 
Salam, Sapeta [1006.2144]
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pT distributions
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PDF dependence
Generally weak dependence 

on the choice of PDF fit 
(excluding choice for          )α s (MZ )
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Heavy quark loops

top quark loop effects are small (<1%) 

corrections grow at very large pT - still negligible  

di-jets seem to have additional 
kinematic suppression

matrix elements checked against MadLoop
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Efficient Event Generation

• Leading/sub-leading expansion - sample dominant contributions more often

• Separate contributions by number of fermion lines

• ROOT Ntuples - make the most out of the integration run

• Re-weighting PDFs and renormalization/factorization scales (also jet algorithms with suitable 
event generation)

• APPLgrid - extremely fast and flexible analysis (very useful for PDF error analyses)

Tancredi et al. [0911.2985]
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Vector boson production
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Di-photon plus jets

Del Duca, Maltoni, Nagy, Trocsanyi [hep-ph/0303012]

Backgrounds to Higgs measurements

Bern, Dixon, Febres Cordero, Hoeche, Ita, 
Kosower, Lo Presti, Maitre [1312.0592]

Gehrmann, Greiner, Heinrich [1308.3660]
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Catani, Cieri, de Florian, Ferrera, Grazzini [1110.2375]
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Isolating hard photons
[Frixione (1998)]

Infra-red safe definition of 
a hard photon must 

include QCD partons
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no need for 
fragmentation 

functions

Figure 1: Full colour and leading approximation (as explained in the text) for the virtual

corrections to the transverse momentum of the 3rd jet in pp ! �� + 3j.

to be e�ciently re-weighted changing the scales and the specific PDF set used.

3 Numerical results

All the results presented in this section are for pp collisions with a centre-of-mass energy

of 8 TeV. We consider the following kinematic cuts on the external momenta, which are

inspired by typical experimental cuts used in the analyses at LHC

pT,j > 30 GeV |⌘j |  4.7

pT,�1 > 40 GeV pT,�2 > 25 GeV |⌘� |  2.5

R�,j = 0.5 R�,� = 0.45

where the photon transverse momenta have been ordered by size. The jets are defined

using the anti-kT algorithm [43] with cone size R = 0.5 as implemented in FastJet [44].

Photons are selected using the Frixione smooth cone isolation criterion [8]. A photon is

considered isolated if the total hadronic energy inside all cones of radius r� < R

E
hadronic

(r�)  ✏ pT,�

✓
1 � cos r�

1 � cos R

◆n

(3.1)
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•keep soft gluons

•discard partons collinear to photon



                     at NLO

10�5

10�4

10�3

10�2

d
�
/d

p
T

[p
b
/G

eV
]

NJet + Sherpa
pp ! �� + 3 jet at 8 TeV

LO

NLO

100 200 300 400 500 600 700

Leading jet pT [GeV]

0.4
0.6
0.8
1.0
1.2
1.4
1.6

10�6

10�5

10�4

10�3

10�2

d
�
/d

p
T

[p
b
/G

eV
]

NJet + Sherpa
pp ! �� + 3 jet at 8 TeV

LO

NLO

100 200 300 400 500 600

2nd leading jet pT [GeV]

0.4
0.6
0.8
1.0
1.2
1.4
1.6

10�6

10�5

10�4

10�3

10�2

10�1

d
�
/d

p
T

[p
b
/G

eV
]

NJet + Sherpa
pp ! �� + 3 jet at 8 TeV

LO

NLO

50 100 150 200 250 300 350 400

3rd leading jet pT [GeV]

0.4
0.6
0.8
1.0
1.2
1.4
1.6

Figure 1: Full colour and leading approximation (as explained in the text) for the virtual

corrections to the transverse momentum of the 3rd jet in pp ! �� + 3j.
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There has been a lot of recent interest in the study of pp ! �� + jets processes as an

Figure 6: The m�� distributions for pp ! �� + 2j for the four PDF sets described in the

text at ↵sMZ = 0.118. The lower plot shows the ratio of each set to CT10 with the shaded

region representing the PDF uncertainty.

3.2 Results for pp ! �� + 3j

We now consider the production of a photon pair in association with three jets. As in

the previous section we studied the dependence of the total cross section upon variation

of renormalization and factorization scales with the choices of dynamical scales defined in

Eq. (3.6). The results in Figure 7 show reasonable di↵erences between quantities based on

jets versus quantities based on partons. Overall we find a significant improvement in the

uncertainty estimated from scale variations when going from LO to NLO. The envelope of

predictions from all scale choices varied over the range x 2 [0.5, 2] is around 0.67 � 0.99 pb

at NLO compared to 0.46 � 1.28 pb at LO. This represents a decrease in variation from

⇠ 50% at LO to ⇠ 20% at NLO. As in the two jet case the scales based on ⌃2 give generally

larger predictions than those based on HT . Other than the overall normalization, we find

that all scales give very similar predictions for shapes of the distributions.

Comparing Figure 7 with Figure 2 we see that the peak in the NLO curve for ⌃2 has

moved further to the right than the HT scales which may suggest that a range of x 2 [1, 4]

would be more appropriate here. Since we would like to make predictions for jet ratios we

need to have as consistent description of �� + 3j and �� + 2j as possible and therefore we

prefer the HT scales. In the following we choose to adopt the central scale of bH 0
T /2 for the

total rates and distributions, though theoretical uncertainties are likely underestimated by

the simple scale variations following the discussion above. For the total cross sections at

LO and NLO we find,

�LO
��+3j( bH 0

T /2) = 0.643(0.003)+0.278

�0.180

pb �NLO
��+3j( bH 0

T /2) = 0.785(0.010)+0.027

�0.085

pb (3.10)
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CT10 NLO PDF set

anti-kT             (FastJet)

with ✏ = 0.05, R = 0.4 and n = 1. We use the NLO CT10 PDF set [45] for our central

predictions with the strong coupling running from ↵s(MZ) = 0.118, and the electromag-

netic coupling fixed at ↵ = 1/137.036. In particular we use the same (NLO) PDF set and

definition of the strong coupling constant both for LO and NLO predictions. Using a NLO

PDF set for the LO computation includes higher order terms that go beyond a fixed order

prediction, nevertheless such a set-up allows us to separate NLO e↵ects coming from the

running of the strong coupling and from PDFs and to highlight the impact of corrections

coming from the NLO matrix elements.

We choose a dynamical value for the factorization and renormalization scales which

are kept equal, µR = µF , when performing scale variations. We have investigated the

dependence on a number of di↵erent functional forms which we will denote as:

bHT = pT,�1 + pT,�2 +
X

i2partons

pT,i (3.2)

bH 0
T = m�� +

X

i2partons

pT,i (3.3)

b⌃2 = m2

�� +
X

i2partons

p2

T,i (3.4)

H 0
T = m�� +

X

i2jets

pT,i (3.5)

⌃2 = m2

�� +
X

i2jets

p2

T,i (3.6)

where m�� =
q

p2

T,�1
+ p2

T,�2
. The quantities H 0

T and ⌃2 are constructed after the clustering

of final state partons into jets. Notice that partonic and jet-level scales will only di↵er at

NLO, where the additional unresolved radiation enters in the clustering algorithm.

3.1 Results for pp ! �� + 2j

We first consider the production of a photon pair in association with two jets. In this case

we compare our predictions with the recent results of reference [9] and present additional

studies of PDF variations and dynamical scale choices. For the latter we rely on the

possibility to substantially reduce the computational cost by the use of our APPLgrid

set-up.

In Figure 2 we show the dependence of the total inclusive cross section upon variation

of the renormalization and factorization scales with µR = µF . We consider the five di↵erent

dynamical scales defined in Eq. (3.6). Though the scale choices are closely related to each

other we find significant deviations for the value of the total cross section. Nevertheless

the NLO predictions show a significant reduction in the dependence on the scale variation

compared to the LO ones. Taking the envelope of all the scales considered we see that the

LO predictions vary in the interval 1.64�3.04 whereas NLO ones lie within 2.46�3.58 when

the scales are varied over the range x 2 [0.5, 2] around the central choice. This represents

a reduction in the scale variation uncertainty from ⇠ 30% at LO to ⇠ 20% at NLO.

– 5 –

] with cone size R = 0.5 as implemented in
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Conclusions

• On-shell methods do a good job at keeping theoretical complexity of high-
multiplicity amplitudes under control

• NLO computations with NJET + SHERPA

• First computations of NLO QCD corrections to             and  

• Precision QCD for 13 TeV / 14 TeV LHC runs (as well as current data)

• matching/merging with parton shower (still hard for pure jets)

pp ! 5j

!
pp ! �� + 3j

https://bitbucket.org/njet/njet/

https://bitbucket.org/njet/njet/
https://bitbucket.org/njet/njet/

