
Introduction to the Standard Model

Lecture 2

Symmetries

Global
symmetry

Conserved
current

Invariance
(when acting upon
a Lagrangian/Hamiltonian system)

As an example, consider

homogeneity
of spacetime

momentum
conservation

translational
invariance

Classification

global:
spacetime symmetries → momentum, angular momentum, spin

internal symmetries → weak isospin, charge, colour

local:
spacetime symmetries → gravity as a gauge theory

internal symmetries → gauge theory

Basics of Group theory

(see tutorial for more details)
The Standard Model requires knowledge of the groups, U(1), SU(2), and SU(3), along with
some of their matrix representations and associated Lie-algebras.

The U(1) group

Each group element of U(1) can be represented by a pure phase factor, eiα. The parameter,
α, is real and continuous which indicates that U(1) has an infinite set of group elements and
is continuous.

Since eiα = cosα + i sinα, U(1) is isomorphic to 2-by-2 rotation matrices, i.e. elements of
SO(2), which also form a Lie-group:
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eiα = cosα + i sinα ∼
isomorphic

(
cosα − sinα
sinα cosα

)

︸ ︷︷ ︸

exp
(
iα

(
0 −1
1 0

)
)

∈ SO(2)

To see this
consider the unit circle
in the complex plane: ∼

z = eiα z = x+ iy

U(1) SO(2)

The SU(N) group

i.) The SU(N) group is defined as the collection of all unitary N × N matrices U , i.e.
U−1 = U †, with determinant equal to one.

U ∈ SU(N) ⇒ UU † = 11
︸ ︷︷ ︸

N2 relations

, det
(
U

)
= 1

︸ ︷︷ ︸

1 relation

As U ∈ CN×N has N2 complex entries or 2N2 real entries, we are left with 2N2 −N2 − 1 =
N2 − 1 independent parameters.

ii.) Consider the N -vector valued field, ~ψ, transforming under SU(N) as

~ψ → ~ψ′ = U ~ψ

(

ψ′
j = Ujlψl with j, l = 1, . . . , N

)

~ψ is in the fundamental representation. We also note that ~ψ† ~ψ is invariant under an SU(N)
transformation since

~ψ~ψ → ~ψ′† ~ψ′ =
(
U ~ψ

)†
U ~ψ

= ~ψ†U †U ~ψ

= ~ψ† ~ψ

iii.) A group element U can be expressed as an exponential

U(Λ1, . . . ,ΛN2−1) = exp

(

i

N2−1∑

a=1

ΛaTa

)

= lim
n→∞

(

11 + i
Λa

n
Ta

)n

where Λa are real-valued and continuous, and Ta=1,...,N2−1 are called the generators of the
group. The conditions imposed by i.) and ii.) above restricts the T ’s:
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a.)

U †U = 11 ⇒

(

eiεaTa

)†(

eiεbTb

)

=

(

11 + iεaTa + O(|εa|
2)

)†(

11 + iεbTb + O(|εb|
2)

)

=

(

11 − iεaT
†
a + · · ·

)(

11 + iεbTb + · · ·

)

= 11 + iεb

(

Tb − T†
b

)

+ · · ·

We see that the generators must be Hermitian: Tb = T†
b.

b.)

detU = 1 ⇒ det

(

eiεaTa

)

= 1 + iεatr
(

Ta

)

+ · · ·

This implies that the generators must be traceless: tr
(

Ta

)

= 0.

Lie Algebra

The generators of SU(N) obey an important property. Evaluate

U = U−1
2 U−1

1 U2U1 ∈ SU(N) (1)

by using

U = 11 + iλcTc + · · ·

U1 = 11 + iεaTa −
1

2
(ε · T )2 + · · · ⇔ U−1

1 = U
†
1 = 11 − i(ε · T ) −

1

2
(ε · T )2 + · · ·

U2 = 11 + iδbTb −
1

2
(δ · T )2 + · · · ⇔ U−1

2 = U
†
2 = 11 − i(δ · T ) −

1

2
(δ · T )2 + · · ·

One gets

RHS of (1) = 11 − i(δ · T + ε · T − δ · T − ε · T ) + εaδb

(

TaTb − TbTa

)

+ · · ·

compared to the LHS of (1)

11 + iλcTc + · · · = 11 + εaδb
[
Ta,Tb

]
+ · · ·

results into
[
Ta,Tb

]
= ifabcTc fabc ∈ R

The fabc’s are anti-symmetric structure constants of the Lie group. The generators, Ta, with
such a property, form the so-called Lie-algebra associated to the Lie-group.

U = exp
(
iΛaTa

)

︸ ︷︷ ︸

whole group

= 11 + iΛaTa + · · ·
︸ ︷︷ ︸

local elements define
the properties

of the whole group
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Note The Lie group forms a compact manifold; the algebra is defined on the tangent to
the unit element.

We choose a normalisation, tr
(
TaTb

)
= TRδab with TR = 1

2
(convention) such that

fabc = −2itr
([

Ta,Tb

]
Tc

)

Important Examples

SU(2)

The generators are proportional to the Pauli matrices: Ta = 1
2
σa.

The algebra is given as:
[σa

2
,
σb

2

]

= iεabcσ
c

2
where the structure constants are the defined

by the totally anti-symmetric epsilon tensor εabc. Remember that

σ1 =

(
0 1
1 0

)

, σ2 =

(
0 −i
i 0

)

, σ3 =

(
1 0
0 −1

)

SU(3)

The algebra is:
[λa

2
,
λb

2

]

= ifabcλ
c

2
where the λa’s are the Gell-Mann matrices,

λ1 =





0 1 0
1 0 0
0 0 0



 λ2 =





0 −i 0
i 0 0
0 0 0



 λ3 =





1 0 0
0 −1 0
0 0 0



 λ4 =





0 0 1
0 0 0
1 0 0





λ5 =





0 0 −i
0 0 0
i 0 0



 λ6 =





0 0 0
0 0 1
0 1 0



 λ7 =





0 0 0
0 0 −i
0 i 0



 λ8 =





1 0 0
0 1 0
0 0 −2





The structure constants are:
f 123 = 1
f 147 = f 246 = f 345 = f 316 = f 257 = f 637 = 1

2

f 458 = f 678 =
√

3
2

f other = 0

Note that we can see the SU(2) subgroup in SU(3):

λ1 =




σ1 0

0
0 0 0



 , λ2 =




σ2 0

0
0 0 0



 , λ3 =




σ3 0

0
0 0 0





Exercise check all the above
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