
Particle Physics
Dr Victoria Martin, Spring Semester 2013
Lecture 8: Calculating the Weak Force and 

Symmetries

★Muon decay
★Beta decay
★Weak Neutral Current
★Neutrino scattering

★Symmetries in PP
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W and Z boson interactions

•Any fermion (quark, lepton) may emit or absorb a 
Z-boson.

➡ That fermion will remain the same flavour.
➡ Very similar to QED, but neutrinos can interact 

with a Z boson too.

• Any fermion (quark, lepton) may emit or absorb a 
W-boson.

➡ To conserve electric charge that fermion 
must change flavour!

➡ To conserve lepton number e↔νe, µ↔νµ, τ↔ντ
➡ To conserve baryon number (d, s, b) ↔ (u, c, t)

down-type quark ↔ up-type quark 
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Feynman Rules for Charged Current

• Key differences w.r.t QED.
➡q2 − mW2 as denominator of propagator

➡The ½(1−γ5) term: this is observed experimentally.  

• The overall factor of 1/√8 is conventional

• Recall PL=(1−γ5)/2 is the Left Handed projection operator

➡W-boson interactions only act on left-handed chiral components of fermions
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Feynman Rules for QED
•It should be remembered that the expression 

hides a lot of complexity. We have summed over all possible time-
orderings and summed over all polarization states of the virtual
photon.  If we are then presented with a new Feynman diagram 
we don’t want to go through the full calculation again. 
Fortunately this isn’t necessary – can just write down matrix element 
using a set of simple rules 

Basic Feynman Rules:
Propagator factor for each internal line

(i.e. each real incoming or outgoing particle)

(i.e. each internal virtual particle)
Dirac Spinor for each external line

Vertex factor for each vertexe– !–

e+ !"#
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Basic Rules for QED

outgoing particle

outgoing antiparticle
incoming antiparticle

incoming particle

spin 1/2

spin 1 outgoing photon
incoming photon

External Lines

Internal Lines (propagators)
! $

spin 1          photon

spin 1/2       fermion

Vertex Factors
spin 1/2       fermion (charge -|e|)

Matrix Element =  product of all factors
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Basic Rules for QED
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Matrix Element =  product of all factors

e γµ

• Left-handed interactions are also 
known as V−A theory

➡ γµ gives a vector current (V)

➡ γµγ5 gives an axial vector current (A)

•Photon interactions are purely vector

• For low energy interactions with q << mW: effective propagator is gµν/mW2
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“Inverse Muon Decay”

• Usually we would average over initial spin and sum over final spin states:

• However the neutrinos are only left handed

• The equation can be solved as (see Griffiths section 9.1):

• In the CM frame, where E is energy of initial electron or neutrino, and me 
neglected as me << E: 

νµ  µ−

 e− νe

|M|2 =
�

g2
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8m2
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�2 �
ū(νe)γµ(1− γ5)u(e−)

�2 �
ū(µ)γµ(1− γ5)u(νµ)

�2

• Start with a calculation of the process νµ e− → µ− νe

•Not an easy process to measure experimentally, 
but easy to calculate!
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“Inverse Muon Decay” Cross Section

• Substitute: 
➡centre of mass energy, (E1+E2)2=4E2  
➡For elastic scattering particle  |p*f|=|p*i|  

➡S=1 as no identical particles in final state

➡Fermi coupling constant GF = √2gW2/8mW2

➡Unlike electromagnetic interaction, no angular dependence
➡ Integral over 4π solid angle 
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i |
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•Cross section = |M|2 ρ, substituting for ρ (see problem sheet 1):
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Muon Decay
•Muon decay: µ− → e− ν̅e νµ  (Griffiths 9.2):

= 2
�
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m2
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�2

(pµ(e) · pµ(νµ)) (pµ(µ) · pµ(νe))

 ν̅e 
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�
• The phase space, ρ, for a 1 → 3 decay is, (Griffiths equation 6.21):

• Integrate over allowed values of Ee:

τ ≡ 1
Γ

=
192π3

G2
F m5

µ

=
192π3�7

G2
F m5

µc4

• Only muon decay mode for muons BR(µ− → e− ν̅e νµ) ≈ 100%, only one decay mode 
contributes to lifetime
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Muon Decay Measurements
• TWIST experiment at TRIMF in Canada measures µ

+ → e+ νe ̅νµ decay spectrum.

• Excellent agreement between data and 
prediction!

• Measurements of muon lifetime and mass used to 
define a value for GF (values from PDG 2010) 

➡τ = (2.19703±0.00002)×10−6 s
➡m = 105.658367 ± 0.000004 MeV

• Applying small corrections for finite electron 
mass and second order effects
➡GF = 1.166364(5) × 10−5 GeV−2

• Implies gW = 0.653,  αW=gW2/4π = 1/29.5

• αW >> αEM, the weak force not intrinsically weak, 
just appears so due to mass of W-boson
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FIG. 2: (color online) Average momentum change of decay
positrons through the target and detector materials as a func-
tion of momentum for data (closed circles) and Monte Carlo
(open circles), measured as described in the text.

If ρ = ρH + ∆ρ and η = ηH + ∆η, then the angle-
integrated muon decay spectrum can be written as:

N(x) = NS(x, ρH , ηH) + ∆ρN∆ρ(x) + ∆ηN∆η(x). (3)

This expansion is exact. It can also be generalized to
include the angular dependence [2]. This is the basis for
the blind analysis. The measured momentum-angle spec-
trum is fitted to the sum of a MC ‘standard’ spectrum
NS produced with unknown Michel parameters ρH , ηH ,
ξH , δH and additional ‘derivative’ MC distributions N∆ρ,
N∆ξ, and N∆ξδ, with ∆ρ, ∆ξ, and ∆ξδ as the fitting pa-
rameters. The hidden Michel parameters associated with
NS are revealed only after all data analysis has been com-
pleted. The fiducial region adopted for this analysis re-
quires p < 50 MeV/c, |pz| > 13.7 MeV/c, pT < 38.5
MeV/c, and 0.50 < | cos θ| < 0.84.

Fits over this momentum range including both ρ and η
contain very strong correlations [3]. To optimize the pre-
cision for ρ, η was fixed at the hidden value ηH through-
out the blind analysis, then a refit was performed to shift
η to the accepted value. We find that ρ depends linearly
on the assumed value of η, with dρ/dη = 0.018.

Figure 3(a) shows the momentum spectrum from set B
in the angular range 0.70 < | cos θ| < 0.84. The probabil-
ity for reconstructing muon decays is very high, as shown
in Figs. 3(b) and (d). Thus, higher momentum decays
that undergo hard interactions and are reconstructed at
lower momenta can lead to an apparent reconstruction
probability above unity. Figures 3(c) and (e) show the
residuals of the fit of the decay spectrum from set B.
Similar fits have been performed to the other data sets,
yielding the results shown in Table I. The fit results for δ
are not adopted due to a problem with the polarization-
dependent radiative corrections in the event generator
[2], but are consistent with the separate analysis reported
in [2]. Fits to the angle-integrated spectra, which are in-
dependent of δ, give nearly identical results for ρ.

The 11 additional data sets have been combined with
further MC simulations to estimate the systematic un-
certainties shown in Tables I and II. The largest effects
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FIG. 3: (color online) Panel (a) shows the muon decay spec-
trum (solid curve) from surface muon set B vs. momentum,
for events within 0.70 < | cos θ| < 0.84, as well as the events
within this angular region that pass the fiducial constraints
(dot-dashed curve). The spectrum within 0.5 < | cos θ| < 0.7
is similar. Panels (b) and (d) show the probability for recon-
structing decays for the two angular ranges, as calculated by
the Monte Carlo. Panels (c) and (e) show the residuals for
the same angular ranges from the fit of set B to the Monte
Carlo ‘standard’ spectrum plus derivatives.

arise from time-variations of the cathode foil locations [9]
and the density of the DME gas, which change the drift
velocities and influence the DC efficiencies far from the
sense wires. These parameters were monitored through-
out the data taking, but only average values were used in
the analysis. Special data sets and MC simulations that

J.R. Musser et al., Physical Review Letters 94, 101805 (2005)
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Beta Decay
•W boson is responsible for beta decay.

Quark level

• u → d e+ νe or d → u e− ν̅e with coupling  gW Vud, 
Vud = 0.974

• not directly observable because no free 
quarks 

M =
Vudg2

W

8
ū(d)γν(1− γ5)u(u)

gµν

q2 −m2
W

v̄(ν̄e)γµ(1− γ5)u(e)

Hadron level

• n → p e− ν̅e  is allowed (free neutron lifetime τn = 886s)

• p → n e+ νe is forbidden mp < mn (free proton stable) 

• Hadronic interactions (form factors) play a role in decay rate/lifetime

Nuclear level

•  β+ decay   e.g.  22Na → 22Ne* e− ν̅e

•  β− decay   e.g.  60Co → 60Ni* e− ν̅e  

•  which type occurs depends on the energy available (Q)  
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Neutral Current Interactions
• Exchange of massive Z-bosons,                 

mZ = 91.1897(21) GeV

• Couples to all quarks and all leptons 
(including neutrinos)

• No allowed flavour changes!

• Coupling to Z-boson depends on the 
flavour of the fermion ( f ): cfV, cfA

• Both vector (cfV γµ) and axial vector 
contributions (cfA γµγ5).
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outgoing particle
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spin 1          photon
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Vertex Factors
spin 1/2       fermion (charge -|e|)
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e γµ

Lepton cfV cfA Quark cfV cfA

νe, νµ, ντ ½ ½ u, c, t 0.19 ½

e, µ, τ -0.03 −½ d, s, b -0.34 − ½

• gZ coupling is related to gW: gZ = gW mZ/mW

• Neutral weak current for electron: ū(e)γµ(ce
V − ce

Aγ5)u(e)
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Weak Neutral Current
• At low energy, the main effect of 

Z-boson exchange is neutrino 
scattering. (All other Z-boson 
phenomena can also due to γ 
exchange.)

• Z-boson exchange first observed in 
the Gargamelle bubble chamber in 
1973.

• Interaction of muon neutrinos 
produce a final state muon.
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Symmetries in Particle Physics
•The EM, Weak and Strong forces all display a property known as 

Gauge Symmetry.

• In QM, a symmetry is present if physical observables (e.g. cross 
section, decay widths) are invariant under the following change in 
the wavefunction:

•e.g. in electromagnetism, the physical observable fields E and B are 
independent of the value of the EM potential, Aµ:

•The conditions on U are that U is unitary, and commutes with the 
Hamiltonian:

•e.g. for EM,               where ϕ is an arbitrary phase: 

ψ → ψ� = Ûψ

Û
†
Û = 1 [Û , Ĥ] = 0

Aµ → A�
µ = Aµ − ∂µχ Aµ = (V, �A) with �B = �∇× �A

Û = eiφ ψ → ψ� = eiφψ

11



Symmetries in QED
• Instead of a global phase transformation eiϕ imagine a local phase 

transformation, where the phase ϕ ~ q χ is a function of xµ: χ(xµ).  

• q is a constant (will be electric charge)

• Substitute into Dirac Equation

•An interaction term −qγµ∂µχψ term appears in the Dirac Equation.

•To cancel this, modify the Dirac Equation for interacting fermions:

•With Aµ transforming as:

•                                                                   to cancel interaction term

ψ → ψ� = Ûψ = eiqχ(xµ)ψ

(iγµ∂µ −m)ψ = 0
(iγµ∂µ −m)ψ� = 0

(iγµ∂µ −m)eiqχ(x)ψ = 0

iγµ(eiqχ(x)ψ + iq∂µχ−m)eiqχ(x)ψ = 0

(iγµ∂µ + iqAµ −m)ψ = 0

Aµ → A�
µ = Aµ − ∂µχ
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Gauge Symmetry in QED

•Demanding that QED is invariant by a local phase shift:

•Tells us that fermions interact with the photon field as:

•This local phase shift is know as a local U(1) gauge symmetry.

•Next lecture we will see a similar effect in QCD.

ψ → ψ� = Ûψ = eiqχ(xµ)ψ

qγµAµψ
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