Topic 4: Dispersion

4.1 Introduction

Dispersion is where different wavelengths of light takdet&nt paths through an optical system
usually resulting in polychromatic light being split intts colours There are two physical
mechanism for this, being:

1. Material Dispersion: where the refractive index of a material depends on the wave-
length,

2. Diffractive Dispersion: where light is diffracted from grating structure, here thngke
of diffraction depends directly on the wavelength of théntig

In this topic, we will consider the first of these, wibiffractive Dispersiorbeing considered
as part of Topic 7 and 8.

Optical system usually operator over the range:

Colour Wavelength
Ultra-violet 350 nm
Violet 400 nm
Blue 440 nm
Cyan 490 nm
Green 540 nm
Yellow 580 nm
Red 630 nm
Deep Red 690 nm
Near infra-red| to 1pum

being thevisible spectrunf400— 700 nm) plus regions into the long ultra-violet and the near
infra-red. This is the regions over what most optical glasze transpareﬂht

We will treatmaterial dispersiorfrom a largely qualitative and experimental view. The under
lying theory involves the interaction of electromagnet@awes with materials which involves a
level of electromagnetic theory that is beyond what is ekpethis course.

4.2 Experimental Evidence for Material Dispersion

We have considerable experimental evidence that the tefeandex of materialsloesdepend
on wavelength, for example

1. A prism forms a spectrum with blue lighendmore than red, as shown in figure 1,

2. Therainbovll, where water droplet act as spherical lenses and break §hamitito its
constituent colours.

LA wider range of wavelengths in possible, but in involves asather exotic crystalline materials
2Full analysis of the rainbow is rather involves, seergRPHYSsICSweb site for a good explanation.
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@994, The Explorotorium.

Figure 1: Light being dispersed by a glass prism

Figure 2: A rainbow

This dispersioncan be useful, for example is a spectrometer to analysis, laghbe a severe
practical problem, for example is the design of lenses, ehir a simple lens with radii of
curvatureR; andR, we have that

-ea(3-d)

so clearly if the refractive inder varies with wavelength, then so does the focal length!

It turns out that everythingxcepta vacuum, is dispersive, and in particular the refractiviein
of all optical materials (glass and plastic) varies with wavelkng

4.3 Abbe Number

The simplest characterisation of dispersion is the Abb&/yanumber of a material. This is
experimentally measure by determining the refractive xndethree standard Waveleng%s
these being:

3The use of these three wavelengths is historical, in prattie Helium d-line is often replaced by the Sodium
D-line at 589.3 nm.
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Line | Wavelengthl  Colour | Index

Helium d line 587.6 nm Yellow Ng
Hydrogen F Line| 486.1 nm | Blue-Green| ng
Hydrogen C Line| 656.3 nm Red nc

The dispersion is then characterised by

ng—1
Vyq = d
NF —Nc

For all practical optical materialg > nc soVy is always positive, and for typical glasses with,
typically,

Index | Abbe Number
ng < 1.6 Vg > 50
ng > 1.6 Vg < 50

Note thelarger Vj is thelessdispersive the material is, so the smaller is the changdriaateve
index with wavelength.

There are actually many hundr8asf glasses with

ng = 149 - 2.0
Vg = 85— 20

with the general rule that low refractive index glasses tragh Abbe numbers, so being having
low dispersion, while high refractive index glasses hiaiggh dispersion, séow Abbe numbers.
A plot of class types is shown in figuté 3 showing the distiifmutof refractive index against
Abbe number.

Glass type can be roughly classified iotown(low index) andlint with the two most common
being.

Type |Name| ng | VW
Borosilicate Crown| BK7 | 1.51680| 64.29
Dense Flint F4 | 1.61659| 36.63

The rather old, an highly empirical scheme has lasted torbsgmt day with glasses catalogued
by a 6 figure number being
nnnVVV or nnn:VVV

where

nnn — 3 significant digits ohyg — 1
VVV — 3significant digits oWg-number

so BK7 is also known as type 517643 and F4 as type 617366.

4The Schott’s glass catalogue contains more than 100 glpes tpther manufacturers offer similar numbers.
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Figure 3: Plot of glass types with Refractive Index plottgdiast Abbe Number, from Zemax
glass tables

4.4 Chromatic Dispersion of a Singlet Lens

Consider the effect of dispersion of a singlet lens with wadf curvature®; andRy. At the
d-line wavelength is where the refractive indexijs thepowerof this lens is

1 1

1 1
pd = (ng—1) (El_ﬁz) =C(ng—1) where C= (El_ﬁz)

Similarly at the F-line and C-lines where the refractiveardsng andnc we have powers,
pr=C(nr—1) and pc=C(nc—1)

The difference is power at these two lines, is then then goyen

n —_
6p=pp—pc=(np—nc)C=< F nc) P
ng—1

so noting the expression fofy number of the glass, we just get that

Pd
op= Vg
as a simple expression for the change in lens power betwedn (blue-green) light and the C
(red) light. This isnota small effect, most glasses hawge~ 60, which means for a 100 mm
focal length lens an effective change in focal length is sgvem. See question 4.1 for a
numerical example when used in imaging. This effect is knslederal Chromatic Aberration
since the image is moved laterally along the optical axis.

This effect can be seen with the eye, if you look at red letbera patterned blue background,
the letter appear thidoatin space above the background. $&gic 4web page for an example
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image showing this effect. This effect occurs becauseGhmmatic Aberrationn the eye
results in theed andbluelight being focused in different planes so they appear ta défarent
distances.

The effect is most often seen eslour fringingin imaging system where the object and image
distance are fixed, as shown in figlile 4. A bright spot in thecths imaged as apectrum

in the image plane due to the focal length of the imaging lexisdodependent on wavelength.
This effect is known a3ransverse Chromatic Aberratiagince the rays are moved laterally in
the imaging plane. This effect is most obvious is a poorlgradid and setup overhead projector!

Object v Image

/

- e U M 3 < "Spectrum"
f(\ ) (Colour fringing)

Figure 4: Transverse Chromatic Aberration in an imagindesys

Chromatic aberration is largest of the optical aberrati@aswe will look at dealing with this
in some detail.

4.5 The Achromatic Doublet

The key to dealing with all aberration in optical systemsoisise multiple components with
onecancelingthe aberrations of the other while still producing the regdiimaging properties.
Here consider the simplest case to two thin lenses of ppwandp, in contact with each other
at the d-line wavelength, then the total power is,

Pp=pP1+p2

If the power change between F-line and C-line light for eaatslisdp; anddp, respectively,
the power change of the pair is just,

Op = dp1 +Op2
which, from above, is given by
Vi VW,

whereV; andV, are theVy numbers for the glass from which each lens is made.

So if V1 andV; are different, we can use the dispersion of the second lecartcelthe disper-
sion of the first, by setting
p1V2

p1Vo=—p2Vo sothat pp=——-=
Vi
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Note thatp; is negative so we need a
Low Dispersion Positive Lens + High Dispersion Negative Lens

combination to forms the zero dispersion doublet.
So if we want a lens of powas, then if theVy numbers of the glasses areandV, the power

of the two lenses to givep = 0 are,
A Vs
— d —
Vi—Vz pand Pz Vo —Vi

P1 p

Note the same formula apply if we wapi< 0, so the double has a negative focal length.

Example: if we want @ = 10D (f = 100mm) and we use BK7 crown glass and F4 flit glass,
we get that

Vg | Power (D)| Focal Length
64.29 23.24 43.03 mm
36.63| -13.24 -75.53 mm

There are many schemes for making a doublet, but by far theé comsmon is the cemented
doublet shown in figur€l5. Here the positive and negativedersse cemented together and
share a common central radius of curvature.

Crown
nNi Vi

Flint

Figure 5: The cemented doublet of positive crown glass lemsented to negative flint glass
lens

This scheme is mechanically stable with the gap betweeretisek being filled with an optical
glue with the same refractive index as one of the ldhseed so easy to fabricate. The simplest
of all doublets is the Fraunhofer Doublet, where the crovasglpositive lens is symmetric, so
R1 = —Ry, which for a given glasses, you can calculate all the requia€ii, see questidn 4.2

This analysis is correct fahin lensesvhere we have ignored the thickness of each component
of the doublet. Doing any further analytic analysis resisltgery messy expressions that do not
extract any more physics, such analysis is much better domeencally, for example by the
matrix ray techniques discussed in the lasts section wihersytstem is analysed for different
wavelengths.

SThere is a corresponding matched glue available for aimastyeavailable type of glass.
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4.6 Cauchy Formula for Dispersion

What is really needed for analysis of dispersion is an ai@agstpression for refractive index
against wavelength. The simplest, and surprising suagessfthe empirical Cauchy’s rela-

tionship, that

B C D
n(A):A+ﬁ+F+E+---
whereA,B,C,D, ... are experimentally determined constants.

In practice, Cauchy’s relationship is usually truncatethtee terms, giving

B C
which can be fitted by accurately measuring the refractivexnat three wavelengths. For
useful optical materials, this gives an accuracy of typycatl in the fourth decimal place,
over the visible spectrum of 406 700 nm which is good enough for all but the highest quality

optical systems.

The previous measures of andVy constitutetwo measures and can be used to to form the
reduced form of Cauchy’s relationship, that

B

n()\) = A+ ﬁ

whereA andB can be expressed in terms afy andVy, see question4.3. Even this reduced
form will typically give an accuracy ot-1 in the third decimal place, so good enough for most

system.

4.7 Beyond Cauchy’s Formula

Cauchy’s Formula is an empirical fit to the refractive indeikhm the visible region and while
very useful, does not explain any of the underlying physiceauch better model comes from
considering the interaction with electro-magnetic wavé & material where the material is
modeled as as atoms surrounded by an electron cloud whicspkaded by the presence of the
electric field associated with the wave. If we assume thattaterial islosslessthen from this
modelit can be showfithat the refractive index of such a media varies as

N€&
2
n“(w) =1+ ——5——+
me (00 — )
wherew is the angular frequency of the electric fielay is the natural angular frequency of the
electron cloudme is the effective mass of the electron in the cloMds the number of atoms
per unit volume, ane is the charge on the electron.
We can express this in terms »df by substitution of
c c
A=— and A= —
2T 0 2Ty
which, after a bit or re-arrangement, gives that
a)\z
2
n“A) =1+ ——
M =155

5The derivation is included in the notes, but is not part of tourse. The background electromagnetism used
in this derivation will be covered towards the end of the aoment Electromagnetism course.
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where
ATCN N3

= Pm
This is known as Sellmeier’s relatidn
The model treats the electron cloud as a lightly damped sitn@tmonic oscillator with natural
frequencywy. The resonant frequency will therefore tag, so such as oscillator will strongly
absorb radiation with frequenay. This identifies\g is the as the wavelength at which light is
absorbed. Figurd 6 shows a least squarg A} to the measured refractive index values for BF7
glass at the\g, Ag andA¢ lines which gives the value @& = 1.2646 and\g = 0.097621um.
This suggest an absorption about 100 nm, which is far intattra-violet region of the spec-

1.526 T T T

n(x)

1.524 + \ 4
1522 \ 4

152 | “ 1
1518 | o ]
1516 | .

1514 | T~

1.512 1 1 1 1
0.45 0.5 0.55 0.6 0.65 0.7

Figure 6: Least squares of Sellmeier relations to the meds@fractive index values for BK7

trum. Experimentally this is exactly what you get with difat optical materials having strong
absorption in the ultra-violet, with the higher index, angher dispersion material having ab-
sorptions at longeko, in the nearer ultra-violet.

This model predicts that

1. Optical materials will absorb in the ultra-violet.
2. High refractive index materials tend to have high disioers

3. Very high refractive index materials tend to absorb ahia blue/ultra-violet part of the
spectrum. Such materials tend to be yellow in colour due sogiiion of blue light.

4. Absorption limits the maximum practical refractive ixgdeisually to~ 2.0, diamond is
the highest optical material with~ 2.3.

All these observations fit optical materials very well.

"This was postulated empirically by Sellmeier, the electagmetic argument was formulated by Lorentz.
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This basic theory assumes that there is only one absorptavelength, but can easily be ex-
tended to include multiple absorption wavelengthd@tA1, etc. In this case the refractive
index become,

This model extends the useful range of the dispersion fanmadll into the near ultra-violet
and near infra-red where Cauchy’s relation breaks down.
This is the physical basis for the dispersion formula usedbyy optical glass manufacturer,
which is,

B1A? BoA? BaA?

2 32 UV
AM—C1 A—C A—-C3
whereB; andC; are experimentally determined constants. Such a fit tylgicgbes six sig-
nificant figures of accuracy in the refractive index over tegion of 200 nm— 2.3unﬁ. See
guestior4b for the standard method of accurately meaguefnactive index.
The manufactures of optical materials will typically chatexised their glasses by quoting ac-
curately fitted values for:

n?(A\) =1+

1. ng andVy refractive index and Abbe number measure at the heliumel-6@8.56 nm.

2. ng andVg refractive index and Abbe number measure at the mercunyeg-446.07 nm.
3. B1 — Bz andC; — Cj3 for the above dispersion formula whexas in microns.
4,

Many other parameters including transmission at varieagelengths, thermal charac-
teristics and mechanical characteristics.

This allow you to calculate the refractive index over thdoegvhich the material is transparent.

The transmission for 25 mm thick of three glasses, N-BKy =€ 1.51), F4 g = 1.61) and
LASFN9 (ng = 1.85), are shown in figurEl 7 for the range 3601000nm. N-BK7 and F4
shown high transmission over the visible range, but LASFIES tonsiderable absorption for
blue light and would appear strongjyellow so would not be suitable for system with light
shorted than about 580 nm. All three of these glasses shoath yansmission well into the
infra-red. .

4.8 Ray Calculation for Different Wavelength

Now that we have an numerical expression for the variatioefctive index with wavelength
we can apply theay tracingmethods seen in the last topic as a range of wavelengths.

The matrix methodsllow us to analyse focal lengths and principal plane laratsee ques-
tion[4.7 for a numerical example. We will consider this agaithe next topic when we look at
optical systems.

When combined with fullray tracing using the vector form of Snell's Law we get a fully
geometric optical analysis of a system at the required veangth. Fowhite lightsystems this
usually means tracing rays at a range of wavelengths andioorgtihe results. For systems
where the output is designed to be viewed by the eye, the waalength areed (650 nm),
green(550 nm) andlue (450 nm), covering the whole visible spectrum.

8For example Schott’s glass catalogue.
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Figure 7: Transmission against wavelength plot for 25 mroktlsiample for Schott’s N-BK7,
F4 and LASFN9 glass.

4.9 Optical Materials

The traditional optical material has been glass having tbhperties that:
Advantages of Glass:

e available is a huge range of refractive index and dispesiombinations, many hundreds,

high transmission across wide range of wavelength,
e easy to polish into spherical surfaces so easyss produce
e refractive index changes with temperature aeey small, can almost always be ignored,

e mechanically stable, very low thermal expansion coeffisiedifferent glasses can be
glued together to forndoublets

e can stand very high temperature processing, for examplpply surface coatings,

e surfaces arbard being both scratch and chemical resistant.
Problems with Glass:

¢ very high mass, especially high index glasses which arediopé lead,

o difficult to makeasphericalsurfaces, expensive to polish and difficult to machine to a
good surface,

e relatively easily breakable and tendsstuatter

Given there characteristics glass is used in 95% of hightyuaptical systems and instruments.
There are a large number of pre-made components and and abonper ofstandard designs
based on glass components.
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The alternative material is plastic, either perspex or patiponate, which looks an excellent
alternative.

Advantages of Plastic:

e very low mass, especially for high refractive index matstia

e can benjection moldedo give very cheap high volume low quality components,

can be easily machines to aspherical surfaces,

almostunbreakable

however when we look further, plastics are less attractive.
Disadvantages of Plastic

limited range of refractive index and dispersion combioiasi,

high refractive index materialn(> 1.7) areveryexpensive,

lower light transmission and limited wavelength transnaissange,

significant refractive index changes with temperaturetdiagf 100 more than with glass,
not mechanically stable, large thermal expansions ndaksnletampossible to make,

no high temperature processing possible, makes applyirfgcgucoating much more
complex and expensive,

surfacessoft, easily damaged by abrasion and chemicals,

finite lifetime especially if exposed to ultra-violet liglgoes yellow with age

Given these characteristics, plastics are only used lowtgaptical system that use very cheap
injection molded plastic components, suchd&gposable cameraor is systems where weight
and safety is critical, for example spectacle lenses, hatdirhagnifier, head mounted viewers.
In these system optical quality comparable to glass is ptesdiut a very much greater cost.

Other Optical Materials

Glass or plastic are the obvious choices in ¥isble andnear infra-redregions where these
materials are transparent.

1.

Ultra-violet no glasses or plastics are transparent below about 350 nred Meuse

synthetic fused silica to 290 nm and synthetic sapphire twaB00 nm. Shorter than
this all components must be reflective. Very restrictivegeiof materials all with low

refractive index. Very expensive.

Infra-Red most glasses highly transparent to beyen@um. For longer wavelengths
we need more exotic materials, mainly semi-conductorsdranot transparent in the
visible region. There are two standard wavelength regions

(a) 3— 5um covered by Barium Fluoride and Silicon

School of Physics Physics 3 (U03232) (Optics) & Optics (U01358) Revised: 3udan2006



(b) 8 — 12um covered by Zinc Selenide, Zinc Sulphide and Germanium.

all these materials are very expensive and difficult to mactuie. They also haweery
high refractive indexes: 4 for materials in the useful 8> 12um thermal infrared region.

4.10 Summary
In this section we have:

1. Looked as the experimental evidents for dispersion,

2. Discussed the empirical measure of Abbe Number, and hswthls leads to a simple
analysis of a thin singlet lens, resultingdhromatic aberration

3. Used Abbe Number to design a simgeubletlens,
4. Discussed the empirical Cauchy formula for dispersion,

5. Outlined the physical model that lies behind dispersama, how this leads to Sellmeier's
Relation, and then on to the numerical relations used tcacharise glass,

6. compared and contrasted the optical and mechanical piegpef glass and plastic as
practical optical materials.
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Workshop Questions

4.1 Imaging with a Flint Singlet

A single lens made of dense flint type F4, with = 36.63 and focal length 100mm at the
d-line, is used to image an object containing red and blummnsgplaced 120 mm in-front of
the lens. Calculate distance between the planes wheredheneblue part of the object are
imaged and comment on you answer. Assume the blue and théjettoare at the F and C
line respectively.

Hint You will need to make some approximations to solve this.

4.2 Fraunhofer Doublet

A Fraunhofer Doublet consists of a cemented double of crawehfiint glass with the crown
element being symmetric. If such a doublet is make from a d¢oation of BK7 crown and F4
flint glass, calculate the curvatures and sketch the shapieeafoublet with a focal length of
500 mm.

4.3 Cauchy Formula in practice

For the two parameters Cauchy’s formula for refractive ingeen by

B

derive expressions fak andB in terms ofng andVy.
Use the values for BK7 quoted in Guenther table 7A.2 of

ng = 1.51680 Vyq =64.17
nc = 1.51432 ng —nc = 0.008054

to check,graphically, how good the Cauchy’s formula fitsthpoints.

4.4 Simplification of Sellmeier’s Relation

Show that the two parameter Cauchy’s Formula for dispergioen by

B

is an simplification of Sellmeier’s relation, and hence dean expression fog, the absorption
wavelength for the material in terms of the two Cauchy camsta andB.

4.5 Measuring Refractive Index

The most accurate scheme for measuring refractive inde& rmdke an accurate isosceles
prism from the material and is measure #ggle of minimum deviatioagainst wavelength.
The condition fominimum deviatiomccurs in the geometry as shown below,
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where the ray path through the prism is parallel with the base

Derive an expression for the refractive indexn terms of the angle of minimum deviatiam
anda the prism angle.

If you have spectrometer that can measure angles to an agafra-1 minute of arc, to what
accuracy can you determimefor a given wavelength using an equilateral prism of glagb wi
refractive indexx 1.6. How can this accuracy be improved?

4.6 Imaging with a Flint Singlet Il

Repeat questidn 4.1 numerically using Cauchy’s FormuldHerefractive index relation and
the values ohy andVy for F4 dense flint glass given in the notes.

Your should either use the supplied/d classes and Ray Matrix methods or a spreadsheet.

4.7 Focal Length of a Doublet

The details of an achromatic doublet are shown below,

~0.025286
002545 0.001881

RATE
Sk

1.6

where the curvatures and distances are in mm and the glasse@rs are given in thecBOTTS
GLASsS TABLES linked from the web page.

Write a AVA program, using the Ray Matrix methods and theFRACTIVE INDEX methods,
to plot the focal length of this doublet over the rang88— 780um and comment on the
result.
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Forced Oscillator Dispersion

The section in non-examinable and is included for compésten
If we consider the outer electron cloud round an atom in tlesgmnce of an electric fiel as
shown in figurdB The electron clouds will be displaced by aomaml which is equivalent to
a induced dipole of strength

p=ql

Figure 8: Electron cloud displaced by electric field.

If in the material there arBl identical atoms per unit volume, then the total induced ifper
unit volume) is
P=Np

The material idinear if this induced dipole is linearly proportional to the elecffield. If we
can assume that we can write,

P=¢goXE
wherey is called the Polarisability of the material, and &t known as thé®ielectric Polar-
isation.

Consider thex direction only; we apply an electric field of angular freqag, then
Ex(t) = Eosin(wt)

so the equation of motion of the electron (cloud) can be desdby a forced, damped oscilla-
tor, whereEy(t) is the forcing term. We get that

d?x dx
M- B« — Mewd X — 2mey I
where,
me = effective mass of electron
wp = Natural Frequency
y = Damping coefficient
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This has a standard solution (See Physics 2A), that

_ —eE(t)
x(t) = Me (W8 — 62 + 2iyw)

This is for one electron, so fd\ electrons per unit volumn,

P« = —eXN= gox Ex
so the polarisability is given by

B N €
X= Me (W8 — 62 + 2iyw)

For optically useful materials theis very small (low loss) and ana— wy is large, sox is
(almost) real and a slow varying function @f (For all optical materialso < wy).

Now with Maxwell’'s Equations in a media,

O0.D = 0
0.B =0
oE
OAB = qu+£0an
0B
UOANE = ——
ot

but in a non-magnetic material, the currdns the rate of change of the polarisatiBnso that

_oP
ot

which gives us the wave equation in a media as

J

02 0P _

2 — —_— =
O°E aou()atz antz 0

Take plane in the direction then we have the is constant in botlx andy so we get,

E _
022

dE? P2
oz Mgz =0

€oHo
so considering a single frequenay we can write

E=Ezexplit) and P =Pexpint)
which for each component gives

0%E,
022

+ Ho€o WP Ez + o WP P, = 0

So if we now substitute foP, the polarisation, we get that

P, = eoX E
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giving
0°E, o7
92 e TXE=0

Then if we try a solution of the form (a plane wave),
E; = A(z) exp(—ikz)

then, if can assume thgtis real only (sensible for optical material), then we gettha

o’
K2 — ? (1—|‘X>
so we identify
(1+x)=n’

the refractive index of the material, so giving that

N(w) =/ 1+X(w)

where for optical materialy,is small andw? — «? is large, we get,

Ne&

X(W) ~ ————=

me (0§ — w?)

whereuy is the natural (linear) frequency of the material dipoleisldives and expression for

the refractive index 2
N
nP(w) =1+ ——>——

me (0§ — w?)

For all practical optical materiats < wy, SO

n>1 and nincreases witlw

with typical shape of is shown in figufé 9 whes® = 1000 and other factors are chose at

random.

///ﬁ

900 950 1000 1050 1100

Figure 9: Plot of dispersion against frequency dgr—= 1000
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