One-to-two transition amplitudes
in a finite volume

Maxwell T. Hansen

Institut fur Kernphysik and Helmholz Institute Mainz

Johannes Gutenberg-Universitat Mainz
November 12th, 2014

Based on:
R. A. Bricefio, MTH, A. Walker-Loud
arX1v:1406.5965



Transition amplitudes

(rare B decays)
e.g., BY — K*0¢ty~

LHCDb collaboration (2013)

First unquenched LQCD calculation:
Horgan, Liu, Meinel & Wingate (2013)
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Transition amplitudes

(rare B decays)

e.g., BY — K*0¢ty~

leptons

Flavor changing neutral
currents are a great place to look

for new physics!
..

o
6

Caution: unfortunately,
this is not the full story.

—




Transition amplitudes

(rare B decays)

e.g., BY — K*0pty~

K'(892):

¢I (JF) =% (1-) resonance

¢above K and K thresholds
¢just below Kn~Knrtrt threshold



Transition amplitudes

(rare B decays)

e.g., BY — K*0¢ty~

Must calculate matrix elements of QCD eigenstates

(mK,out|J,|B)
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General Question

How can one use numerical Lattice QCD to determine

(91(p), 2P 0.Q)[®, ) !

‘(I)) PZ-> single scalar particle instate

<§b1( ), ¢2(Pf - ) out| two scalar partlcle outstate

jA(a:O = 0, Q) generic operator insertion

With arbitrary momentum injection

jA(Z‘Q =0,Q) = /de e X Q Ja(x)
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How can one use numerical Lattice QCD to determine
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General Question

How can one use numerical Lattice QCD to determine

(01(p). d2(Pr — p); 0,Q)[®, F5) !

Relevant for many decays

~ scalar operator H

no momentum injection

Lellouch and Liischer (2001)

RBC/UKQCD implementing full
error budget calculation

B % Kﬂ- g _|_ g_ nontrlwal Lorentz structure

nonzero momentum injection

— This Work
Agadjanov, et.al., (2014), arXiv:1405.3476.

K — mm.



http://arxiv.org/abs/hep-lat/0003023

Outline

Difficulties in extracting matrix elements from LQCD
Introduction to finite vs infinite-volume matrix elements

Two-to-two scattering via LQCD

One-to-two transition amplitudes via LQCD



What can we extract from LQCD?

We are trying to evaluate a difficult integral numerically
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What can we extract from LQCD?

We are trying to evaluate a difficult integral numerically

N
(Tér - bn)Ene. tate, tv = / [Ldoie 5616,

To do so we have to make three compromises

O O O O O
1< nonzero lattice spacing

O O O O O

O oTo O O

finite volume
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Not possible to directly calculate
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What can we extract from LQCD?

Not possible to directly calculate

(7 7T7T> (mrm|mm)

‘ j (K| J|B)
M\H\K , @zlj\w w (Kr|J|B)

muIt| partlcle in- and outstates—-—*”’:ﬂ

1 Amputate and put on- sheII
T ORGDRE) @B

M~
g

Amputate and put on-shell ‘
TR = olr ()7 () H(z) K (P)|0) 1

= i

| Requwes Mlnkowskl momenta and |nf|n|te-volume |

R R e N—



What can we extract from LQCD?

Instead we can only access
Hocoln, L) = . L)Ey(L) (o', L “nn” [H]n. L *K")

finite-volume energies and matrix elements
labels in quotes indicate quantum numbers




What can we extract from LQCD?

Instead we can only access
Hocoln, L) = . L)Ey(L) (o', L “nn” [H]n. L *K")

Ao 1

finite-volume energies and matrix elements
Iabels in quotes |nd|cate quantum numbers

i

’i How can we determine W
| re)m(k), outln(p)n(k), in) & (m(p)m(~p), outlM|K)

|
o o ————————— 1
|

from |




Cannot understand transitions without
first understanding scattering

Lellouch-Luscher trick is to access transitions like

ST



Cannot understand transitions without
first understanding scattering

Lellouch-Luscher trick is to access transitions like

ST

by considering it as an intermediate state in scatterlng

| We thus begln by descrlblng how to determlne

scatterlng amplltudes from numerlcal Lattlce QCD “

= —

e — = = e e ——



Finite volume Infinite volume

------------------------
-
-
-
-
-

SR NN

----------------------

1! t
1 & A
| E5(L) Determine mapping Z./\/l
‘ Er(L) between theories n—m
Eo(L)
Discrete energy Scattering
’ spectrum amplitudes

e —— e N ——




Basic set-up
Relativistic scalar ﬁeld theory

/5 symmetry S "}‘»\ =
(For pions in QCD this is G-parity)
Include all vertices with even number of legs




Basic set-up
Relativistic scalar ﬁeld theory

/5 symmetry S "}‘»\ =
(For pions in QCD this is G-parity)
Include all vertices with even number of legs

------------------------
-
-
-
-
-

ezl T -l cubic, spatial volume (extent )

; | L periodic boundary conditions p € (27/L)Z’
/\/\/ time direction infinite

- L : —mL ¢
e / Take L large enough to ignore € @\\

L Take space to be continuous dropped
throughout!

\'
— |attice spacing set to zero




Determine relation using finite-volume correlator

| h
CL(P) = / =P (0| TO ()01 (0)[0)
L w



Determine relation using finite-volume correlator

ouP) = / P OITO)O (0))0)
. / N

Euclidean energy I, two particle interpolating field

Momentum P = (27T/L>nP,



Determine relation using finite-volume correlator

ouP) = / P 7O O)0)
Sk AN

two particle interpolating field

Euclidean energy B 0

Momentum P = (QW/L)HP,

At fixed [, 15, poles in ('; give finite-volume spectrum

! Py 1 Py

$

% I

C'r, analytic structure ('~ analytic structure




Determine relation using finite-volume correlator

r | =
CL(P)= [ AP (0ITO@)Q(0)0)

X L AN

Euclidean energy I, two particle interpolating field

Momentum P = (QW/L)HP,

At fixed [, 15, poles in ('; give finite-volume spectrum

A

¢ 150 - ——

: | Calculate Cr(P) toall |
. . orders in perturbation |

. theory and determine

3 ( locations of poles.

\4

C'1, analytic structure



Determine relation using finite-volume correlator

F X

/ ~iP2 (0| TO(2) O (0)[0)

I. <

Require E* < 4m where E*Q — —P2 P2

Luscher, M. Nucl. Phys B354,531-578 (1991)
Derivation from Kim, Sachrajda and Sharpe. Nucl. Phys. B727,218-243 (2005)



fully dressed infinite set of terms

propagators no assumed suppression

spatial loop momenta _— E
are summed




fully dressed infinite set of terms

propagators no assumed suppression

spatial loop momenta _— E
are summed

Key observation:
If particles in summed loops cannot all go on shell, then replace

d3k difference is order |
LS Z — e_mL |




Since E* < 4m, only two particles with
total momentum (£, P) can go on-shell



CL P) = -+ @ @ these loops are now
( ) - & A4 // | integrated




CL P) = -+ @ @ these loops are now
( ) - & A4 // | integrated

infinite-volume
) Bethe-Salpeter kernel
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L B i S st S
Next we introduce an important |dent|ty

0‘0 GNOLGCE=0

ﬁ / contams aII
- k power-law

corrections
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A I B R

Next we mtroduce an important |dent|t
off-shell on-shell

//\\ /N
JGMOUT=0

ﬁ E contains all
k

k power-law
corrections
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i
=

O SK] S (0)+ () e liKr—(0) + (0 ——iK] o [0)+ @ik =(0) \




Now regroup by number of F cuts

Cu(P) = Cn(P) e "m0 aneran

8 OO Ty e FO M ONS!
@\

(77, out|O7]0) (0|O|mrm, in)




Now regroup by number of F cuts

CrL(P) ) T

two I cuts @ As Promised!
infinite-volume on-shell two-to-two

scattering amplitude



)
P
Cool:
)_

(P
C'r

@
@
9

=
4



CL(P)=Cux(P +A"F , — A
L( ) /( ) < | — iMooiF S
no poles no poles no poles
1

C',(P) diverges whenever ¢ I diverges

]. — ZM2_>2/LF

/{»”/' o
7
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CL(P) = Cox(P) //'<
. + 3




Review 1

CL(P) = Cox(P) //‘<
. + 3

P)=C, (P)+ A"WF A
CL(P) = Coo(P) + AT 1 — iMooiF



Quantization Condition

At fixed (L, ﬁ), finite-volume spectrum
is all solutions to

Ar,p(E) = det]l — iMoo F'] =0

;

kinematic, not diagonal
(related to Lischer
Zeta functlon)

= ‘ i:X |

L——A—fh',.;:—g—_— e —— — — e = - P

diagonal matrix in
angular momentum space



Quantization Condition

AL,p(E> — det[l — ZMQ%QZF] =
...1s it useful?

= == ——— - — T e ——_______— _—_————

| 2—>2(E*)] — _FS(EmP7 L) {

— —_— —— = === = =— = - — _ _ -

] ' I |
F(E,P,L)=—
( ( o ) 2 Z / kapr_k(E — WL — Wp_ T+ ZE))



~ peotd(p) — ip

0 |degrees]

o
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~ peotd(p) — ip

0 |degrees]

~40
0 40 80 120 160 200 240 280




n
180 el By g0 HH
k 160+ Ea
k 140 +
. Breit — Wigner
~ 120} | - ,
= mp = 863.5(19)(6) MeV
= 100+ g =4.83(13)(2)
k .ch-ﬂ R0 - [r = g—_% = 10.1(6)(1) MeV
k 60 rAL:‘Z.Qfm\
40+ o L =24fm
o ° L =19fm
2014 | P resonalnce ! N
0

800 850 900 950 1000 1050  E., /MeV

my; = 391 MeV

from Dudek, Edwards, Thomas in Phys.Rev. D87 (2013) 034505



Scattering of multiple two-particle channels
mm— KK 7K — nK

————
D,

Make following replacements

(E) Gy W]




Scattering of multiple two-particle channels
mm— KK 7K — nK

i Z.M]__>1 Z../\/ll_>2 ZFl O _
det [1 — | . . . — 0
y I (ZM2—>1 2M2—>2> ( )

MTH, S. R. Sharpe, Phys.Rev. D86 (2012) 016007
R. A. Bricefio, Z. Davoudi, Phys.Rev. D88 (2013) 094507



Already implemented in LQCD calculation
TK — nkK

+ +
180 (a) O 7TK 180 (C) 2
K
150 150 |-
120 120
o) 0 90 | 90 |
02
60 |- 60 |-
30 | 30
0 ~ Q\ 0 O -O O— K
-30 + T]K -30 |
] ] ] I cm ] ] ] ] Ecm
1000 1200 1400 1600 ; 1000 1200 1400 1600
33 o o © o o o o @O 00 © 0000 . . . 243 /Me-\/ ° © o . Ce% © ©° o ° 243 /Mev
.Om? o oo ° (] 008 o ® o o ° ° 203 ° o o Y o 00 © 203
. e . e 163 ° 163
1000 1200 1400 1600 1000 1200 1400 1600
10 ] 7 I —_—1 1 10 ] O ] ] o~ |
09 | 09 |
M s

0 ‘ 77 0.8
0.7 - XQ/NdOf = 0.88 !‘ : J 0.7 XQ/Ndof = 1.31

M(?TK%?]K)N\/l—?]Z

from Dudek, Edwards, Thomas, Wilson in arXiv:1406:4158
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Finite volume Infinite volume




Relate finite- and infinite-volume states

Co (20 — 1o, P) = / 2 / BBy =P ) (0| TO ()01 (3))[0)
L L



Relate finite- and infinite-volume states

Co (20 — 1o, P) = / 2 / BBy =P ) (0| TO ()01 (3))[0)
L L

. before ), P
now o — Yo, P




Relate finite- and infinite-volume states

Co (20 — 1o, P) = / 2 / BBy =P ) (0| TO ()01 (3))[0)
L L

dFy B ) 1 |
_ 73 [ 220 LiPo(wo—yo) C..(P)+ A A
/ o ¢ _ (P)+ GF)~T — iMy s




Relate finite- and infinite-volume states

Co (20 — 1o, P) = / 2 / BBy =P ) (0| TO ()01 (3))[0)
L L

dFy ) 1 |
_ 73 [ 220 LiPo(wo—yo) C..(P)+ A A
/ o © _ (P)+ GF)~T — iMy s

$

\4

(1, analytic structure




Relate finite- and infinite-volume states

Co (20 — 1o, P) = / 2 / BBy =P ) (0| TO ()01 (3))[0)
L L

d P ' 1
_LS/ e Folro=vo) |\ O (P) + A — A
i ( (ZF ) — iMoo

= D¢ P o) DO, P, i Ry, (77 “P)l0).

1
(iF)_l — iM2_>2

R,, = Residue of at by, 1,



Relate finite- and infinite-volume states

Co (20 — 1o, P) = / 2 / BBy =P ) (0| TO ()01 (3))[0)
L L

d P i 1 '
_ L3 ZP()(CBO y()) Coo P A/ A
/ i ( ) + (iF)_l — i./\/lz_>2

_ Z o~ En,L(Zo—yo0) (0|00, P)|nm, in}an (T, out\(’)T (0, —P)|0),,

n, L, “mn”){n, L, “mn”

1
(iF)_l — iM2_>2

R,, = Residue of at by, 1,



Relation on states: Single channel

|
‘ ‘nv L, “rm” > <n7 L, “rm” | — (mm,out,J =0

(rm,out, J =1

(‘mr,in,J:(D T in, S =1) .. ) Rn

1
(iF)_l — iM2_>2

R,, = Residue of

at Em L
® Matrix in angular momentum space

® Depends on Moo, dMa_o/dE, L

® Generalization of the Lellouch-Liischer factor

® Just a normalization factor in case of a single channel



Relat1on on states: Coupled channels

| 1
| i
| |’n,, L> <TL, L| — <¢1¢2’J _ |
» (P304, J =
P12, J = 0) |p3py, J =0) ... (P12, =1
( ) Rn <¢3¢47‘]:
. |
1
Rn — Residue of )T My at By, 1

® Matrix in combined

angular momentum and channel space

® Quantifies mixing of angular momentum and
channels due to finite volume



Back to...

How can one use numerical Lattice QCD to determine

(61(p), p2( Py — p),out|Ta(zo = 0,Q)|®, P;)?




Back to...

How can one use numerical Lattice QCD to determine

<¢1(p)7 ¢2(Pf —p),OUt‘jA(Q?() — 07 Q)‘(I)7 PZ> 7

== .

Contract the relation for two-particle states with 7 (Q)|®)

7

for single particle state, difference between finite and

m L

infinite-volume is exponentially suppressed 6_



Back to...

How can one use numerical Lattice QCD to determine

(61(p), ¢2(Py — p),out|Ta(zo = 0,Q)| P, P;) ?

~

LT (Q)|®)

|
|

1o, T =0\ I
bada, T = 0] ||
P12, J = 1| ||
(p30a, J = 1| |l




Back to...

How can one use numerical Lattice QCD to determine

<¢1(p)7 ¢2(Pf —p),OUt‘jA(Q?() — 07 Q)‘(I)7 PZ> 7

Contract the relation for two-particle states with 7 (Q)|®)

T ———
$162,7 = 0]\

<
~ » (p3pa, J = 0| i ~
<<I>\jT(Q)\n,L><n,L\: (16162,7 =) [6364,7 =0 )( R, ) ot = j(Q)|<I>>
I ]

l_— — —— —

_— — - — = — —— — — —

In the paper we present an alternative derivation in
which we explicitly calculate three-point correlators in

finite-volume



Master equation

r ) | =
(B Py LITa0.QUEPi L) = oAl R A
e <
(P12, J = jA(Q) D)
(d3ba, J = 0|T4(Q)|®P)
A, (27)30%(Py+ Q — Py) = | (91027 = 1174 (Q)|®)
(Pp3dg, J = 1|Ta(Q)|P)

~~—— column vector containing
all transition amplitudes with given quantum numbers

R. A. Bricefio, MTH, A. Walker-Loud, arX1v:1406.5965



Master equation

r | =X
‘<Enf7Pf7L‘jA(O7Q)‘E27P27L>| — \/ﬁ\/ALfRannf

h 7’ w

Model independent & non-perturbative

Universal: lattice QCD, lattice EFT, etc

Not quite arbitrary quantum numbers:

degenerate or non-degenerate masses, arbitrary momenta and
angular momenta.... but no intrinsic spin

Asymmetric volumes and boundary conditions:
periodic, anti-periodic, any linear combination and any
rectangular prism

R. A. Briceno, MTH, A. Walker-Loud, arX1v:1406.5965



Conclusion
v det[l — iMo_y0iF] =
(En,. P, L|74(0,Q)|E:, Py, L)| = m\/ALfRannf

-

Presented formalism for extracting
two-to-two scattering and
one-to-two matrix elements using numerical LQCD

Completely general result for scalar particle systems

Next steps... include spin, three particle states
see MTH, S. R. Sharpe, arXiv:1408.5933 to appear in Phys.Rev. D -—j



Three-to-three scattering 7mm — 777

r 3 D X
CL(E,P) = / diy e Fr —P-2) <O‘T0’(IE)O’T(O)|O>

X L \ 4

Require m < E* < 5m  odd-particle quantum numbers

o o |
| |

- Om |

— = = === — — — E———— — — -

Assume no two-particle bound state



New skeleton expansion

( Q should only contain connected diagrams)



New skeleton expans1on

Kernel definitions:
=L
Q = %+a—é+>@é+---




New skeleton expans1on

Kernel definitions:
¥ @( . Q i
SN +>@e T

.



New skeleton expans1on

Kernel definitions:
¥ @( . Q i
SN +>@e T

.



New skeleton expans1on




standard definition

modification -\ el
PV o 7 =r




Leads to new infinite-volume quantities

has a cusp
Mo o = @+ I @ E DI @ @ @ -+

has no cusp



Three-particle result

At fixed (L, ﬁ), finite-volume spectrum
is all solutions to

App(E) = detfl — i__d.i___E}] = U

/,» . p
f/ \\\1\ = P

in k g depends on kinematics
matrix in ) X4 ]
and two-particle
space :
scattering

MTH, S. R. Sharpe, arX1v:1408.5933 to appear in Phys.Rev. D

K. Polejaeva, A. Rusetsky FEur. Phys. J. A48 (2012) 67
R.A. Bricefio, Z. Davoudi, Phys. Rev. D87 (2013) 094507



Conclusion
r det[l — iMo_0iF] =

7 _ - T
(5, Py LTA0. Q1B P )] = g VAR R A,
Presented formalism for extracting
two-to-two scattering
one-to-two matrix elements
three-to-three scattering using numerical LQCD

Completely general result for scalar particle systems

Next steps... include spin, one to three transitions



Finite vs infinite volume matrix elements

?
(m(p)m(—p),out|H|K) ~ (n, L, “mn”|H|0, L, “K”)



Finite vs infinite volume matrix elements

?
(m(p)m(—p),out|H|K) ~ (n, L, “mn”|H|0, L, “K”)
complex number real number



Finite vs infinite volume matrix elements

(m(p)m( P ot JEanes=="T""= et [} 0 L K ”>

7
[(m(p)m(=p),out|H|K)| = |{n, L, “r7” [H|0, L, “K”)



Finite vs infinite volume matrix elements

(7 (p) 7 (—p), U PSS bttt TH]O, L, “K”)

——==gBMmplex number real number ——

7
[(m(p)m(=p),out|H|K)| = |{n, L, “r7” [H|0, L, “K”)

units do not match
(r(p")|7(p)) = 2w, (2m)° (P —P')  wp = /P2 +m2
(n’, Lin, L) = 0p pn




Finite vs infinite volume matrix elements

e —

<7T (p)ﬂ- ( —pP ,, km?‘ e — el = M { O7 L, “K)p >

_

omplex number real number——

—

——

’ CCK?? > |

(7 (p) 7 (—p). ouil ATtz |70,

units do not match
(r(p")|7(p)) = 2w, (2m)° (P —P')  wp = /P2 +m2
(n’, Lin, L) = 0p pn

At the very least, we must account for
different normalizations



Warm up... non-interacting pions

1
0.L,“K”) = 0, L, K)e

j\ ,t relativistic

unit normalization o
nhormalization



Warm up... non-interacting pions

1
0,L,“K") = 0, L, K)o
| Y Y, > \/QMKLB‘ Y, Y, > 1

]\ ,t relativistic

unit normalization o
nhormalization

<p7 0, K|k7 0, K>rel — ka(27)353 (p T k)
becomes

<p7 L7 K|k7 L7 K>rel — QWkLSCSkp



Warm up... non-interacting pions

1
OL“K?? — OLKre
0,1, “K7) = |10, L K

2 1
(n, L, “rn’| = \/Vn M%{L(S [(nOO, L,7|(—n00, L, 7|1 + - }




Warm up... non-interacting pions

1
0,L,“K") = 0, L, K)o
| Y Y, > \/QMKLB‘ Y, Y, > 1

2 1
(n, L, “rn’| = \/Vn M%{Lfi [(nOO, L,7|(—n00, L, 7|1 + - }

J

number of integer vectors Zz
such that z° = n.




Warm up... non-interacting pions

|O’ L’ CCK77> —

44 29 2 1
i L, fr| = \/Vn M2 LS

J

number of integer vectors Zz
such that z° = n.

— _—

1
0, L, K)
\/QMKLS‘ ) ) > |

{moo, L, 7| (—=n00, L, 7|yt + - }




| Notati

i ——— e — = _ = e —— ‘.n
|

| ‘@ 99 TN |2 Un l’
n, L, H|O0, L, “K = —p), *"
(. L, “xn” [H] F = a7 7o @)m(-p). outlHI )

- = —— — — — = = - — — — —
e — — e e e — — ————— — —— = — — — — —



| Notati

| T e ___ _ _ i = —————— = _n
| |
| !

Vn
(n, L, “mr” |H|0, L, “K™)|* = (7 (p)m(—p), out|H|K)|*
AMB L9

|
|

can be re-expressed as...




