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Abstract

In rheological experiments, the relationship between stress and strain is determined. In the transient regime, this relationship may depend on
which of these properties is applied and which is measured. In general, data collected using one or the other as the control parameter are not
necessarily equivalent. Moreover, the assumed steady state and the relaxation following this state might depend on whether stress or strain has
been applied. We examined colloidal suspensions with concentrations around the glass transition and compared their response to stress and
strain, in particular, their transient response after the start-up of shear, their steady state, and their relaxation after cessation of shear. After the
start-up of shear, the transient behavior was found to significantly depend on whether the sample is exposed to a constant shear rate or a cons-
tant stress. Nevertheless, the transients lead to a rheological steady state that is independent of how it is reached, as long as yielding occurred
and the corresponding shear rate or stress is applied. After cessation of shear, the relaxation under strain and stress control shows both similar-
ities and differences. This is quantified based on, e.g., the hydrodynamic, Brownian, and residual stress as well as the recovered strain. In
addition, the responses of the rheometers to the abrupt changes have been characterized. The corresponding technical data are presented and

taken into account in the data interpretation. © 2021 The Society of Rheology. https://doi.org/10.1122/8.0000212

. INTRODUCTION

The dynamics of concentrated colloidal suspensions is
dominated by crowding [1-3]. Around each particle, the
neighboring particles form a “cage” and are themselves caged
by their neighbors. Particles tend to remain in their cages and
hence their motions are restricted, typically to about a tenth of
their size. Out-of-cage motions are severely limited and long-
time diffusion is suppressed. As the volume fraction is
increased, the particle motion is increasingly restricted and
arrested beyond the glass transition [3-5]. As a consequence,
the system becomes trapped in a non-equilibrium state whose
properties depend on the sample history.

Upon external driving, the particle dynamics competes
with the imposed time scale. The slow particle dynamics is
reflected in, e.g., the rheological properties [6—24]. Small
deformations or stresses lead to an essentially elastic response
and the system behaves as a viscoelastic solid [20-23,25,26].
However, the application of a large strain rate or a large stress
can yield the sample and, beyond the yield point, induce
steady flow [19-21,27-36]. Then, the viscous behavior domi-
nates the elastic behavior and the response of the sample
becomes fluid-like [19-21,37].

The transition from the solid-like to the fluid-like behavior
is characterized by transient phenomena [35-40]. At rest, the
behavior is dominated by cages that are, on average, isotropic.
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Upon the application of a constant shear rate, the local micro-
scopic structure becomes anisotropic. The cage deformations
release some of the restrictions and cause the sample to yield.
The deformations increase to a maximum that coincides with
a maximum in the measured stress. Subsequently, the defor-
mations and stored stresses are partially relaxed and the mea-
sured stress decreases toward a plateau that indicates a steady
state. In the steady state, cages continuously break and reform
and fluid-like behavior is observed [40-42]. Similarly, the
application of a constant shear stress also leads to fluidization
but only if the applied stress is larger than the yield stress
[19-21,33,34,43]. For stresses below the yield stress, the
system does not show steady-state flow but creep with the
strain increasing sublinearly with time [33,34,43-47].

This implies that the transient and yielding behavior is differ-
ent depending on whether the experiment is strain or stress con-
trolled [38]. Moreover, the steady state identified by its
rheological properties might not be unique with respect to the
microscopic state, i.e., the arrangement and dynamics of the
particles. Thus, the relaxation following the cessation of shear
might depend on sample history. The application of a constant
shear rate eventually causes yielding, whereas yielding can be
avoided under constant stress if the applied stress is below the
yield stress. Hence, qualitatively different behaviors are
observed in otherwise analogous rheological protocols.
Furthermore, the relationship between the rheological response
and the microscopic particle dynamics depends on whether
strain or stress is applied. The strain is linearly related to the
mean squared displacement (MSD) if a constant stress is
applied [43], whereas no linear relation between strain and
MSD is found in strain-controlled experiments [35,39,40].
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In the glass state, the dynamics is arrested and the system
trapped in a non-equilibrium state. The sample history hence
is important. Therefore, the rheological protocol and, in
general, the sample preparation and treatment become
crucial. This has important consequences. For example,
special care is required to reproducibly prepare, load, or reju-
venate a sample. It also offers the opportunity to control the
properties and behavior of materials without changing their
composition [48].

In this paper, the rheological responses to stress- and strain-
controlled shear are compared using a simple model system that
can become trapped in a non-equilibrium state and hence shows
history-dependent properties. We investigated the behavior of
colloidal suspensions of poly(methyl methacrylate) (PMMA)
spheres, which show hard-sphere-like behavior [49] and have
been studied extensively [19,22,23,26,27,36,37,39-41,43,50].
Three concentrated samples were examined with volume frac-
tions below, just above, and well above the glass transition.
Their transient behavior and the steady state were investigated
by applying either a constant shear rate or a constant stress
(Fig. 1, left). Relaxation experiments were performed with the
shear rate or the stress fixed to zero (Fig. 1, right). Both these
tests were performed regardless of whether a constant shear rate
or a constant stress had initially been applied to the system.
Therefore, the effect of the concurrent as well as previous treat-
ments and hence the different effects of stress or strain as well
as the different sample histories can be investigated. We found
that the transient behavior after start-up of shear heavily
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depended on whether a constant shear rate or a constant stress
was applied. In contrast, once the rheological steady state had
been achieved, it was found that its mechanical properties do
not depend on the type of experiment, i.e., the application of
strain or stress, as long as yielding had occurred. Finally, the dif-
ferent relaxations follow a similar although not necessarily an
identical evolution, depending on both the conditions imposed
during shear and those applied after its cessation.

Il. MATERIALS AND METHODS
A. Sample preparation

The samples contained PMMA spheres (density 1.18 g/cm?)
stabilized with poly(12-hydroxy-stearic acid) (PHSA, density
0.9 g/cm?). Their radius was determined to be R = 157 nm
(by static light scattering) and their polydispersity to be
approximately 25% with a moderate positive skewness of
0.72 and a kurtosis of 3.1 (as determined by scanning elec-
tron microscopy), which is close to the kurtosis of a
Gaussian distribution. The particles were dispersed in squa-
lene (TCI, CAS 111-02-4, density 0.92 g/cm®) which has a
refractive index (ng = 1.499) similar to that of PMMA
(np = 1.497) as well as a very high boiling point (458 °C),
which meant that evaporation was negligible during the rheo-
logical experiments.

Centrifugation at about 3500g resulted in a random close
packed (RCP) suspension, which was used as stock suspen-
sion. Samples with different volume fractions ¢ were prepared
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FIG. 1. Schematic representation of the performed tests. (Left) Initially, the response after start-up shear was investigated. Either a constant shear rate y was
applied and the stress o measured (top) or a constant stress o was applied and the strain ¥ measured (bottom). (Right) After the cessation of shear, the relaxation
was followed. Usually, after the application of a constant shear rate, the shear rate is set to zero, ¥ = 0, and the stress relaxation o(f) determined (top) or after
the application of a constant stress, the stress is set to zero, o = 0, and the strain relaxation y(¢) determined (bottom). We also studied the unconventional com-
binations that involve a change of the control parameter. After the application of a constant shear rate 7, the stress was set to zero, o = 0, and the strain relaxa-
tion y(7) determined or after the application of a constant stress o, the strain rate was set to zero, ¥ = 0, and the stress relaxation o(7) determined (two panels in

the middle).
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by direct dilutions of the stock suspension. Their normalized
elastic modulus, G'R® /kgT, where kgT is the thermal energy,
was determined and compared to previously reported values
(Appendix A) [36,51]. This indicates consistent volume frac-
tions of the samples, ¢ =0.575, 0.602, and 0.624.
Furthermore, this implies a volume fraction of the stock sus-
pension ¢ ~ 0.67, which is close to literature values for a
RCP suspension [52-54] and hence consistent within the
expected uncertainty of the volume fraction [55].

For the investigated particles, the Brownian time
TR0 = R? /Dy = 0.22 s with the diffusion coefficient of indi-
vidual particles, Dy = kgT/(6anR) = 0.11 um?/s, and the
viscosity of squalene, 7 = 12 cP. The effect of interactions is
taken into account by considering 7 4 = R*/D(¢) with the
ratio D(¢p)/Dy taken from the literature [3] and resulting in
78,6 = 1.865, 2.41, and 3.17s for ¢ =0.575, 0.602, and
0.624, respectively.

B. Rheological measurements

The measurements were performed with three different
rheometers to optimize the conditions for strain or stress
control and for the required time response. First, a fast strain-
controlled rheometer with a separate motor and transducer
(ARES G2, TA Instruments) with a cone-plate geometry
with a diameter d = 25 mm and cone angle 8 = 2° was used
to perform step-rate experiments with 7 > 0.5s7! that
required a fast instrument response and data acquisition.
Second, a stress-controlled rheometer with a combined motor
and transducer but also an appropriate strain control mode
based on an embedded feedback-loop (MCR-302 WESP,
Anton Paar) with a cone-plate geometry with d =25 mm
and 6 = 1.57° was applied for step rate and creep experi-
ments. Third, a stress-controlled rheometer with a combined
motor and transducer (AR2000EX, TA Instruments) with a
cone-plate geometry with d = 25 mm and 6 = 2° was used
for creep experiments. A detailed attribution of the rheome-
ters to the different tests as well as a description of the
response of the rheometers after commanding them to apply
the desired shear is very briefly given in Appendix B and
detailed in the supplementary material [56] where the
response resulting from the interplay of the rheometer, geom-
etry, and sample are quantified for the different instruments
and conditions. To avoid slip, all cones and plates were ser-
rated with a roughness of about 10 um. Although a solvent
with a high boiling point was chosen, evaporation was
further reduced using a home-built solvent trap ensuring that
evaporation is insignificant during the measurements. This
allowed for experiments lasting up to 7 days. All measure-
ments were performed at 20 °C.

Before each experiment, a rejuvenation protocol was per-
formed to reduce history, especially loading, effects and
improve the reproducibility. The rejuvenation protocol consisted
of oscillatory shear with an angular frequency @ = 1 rad/s and
a strain amplitude decreasing from y = 1000% to y = 0.1%.
Subsequently, a period of zero stress, o = 0 Pa, was applied for
200s during which the recovered strain dropped to a value
within the linear regime (Fig. 11) and hence deformations,
including anisotropic deformations, are minimized. Between

individual measurements, dynamic frequency sweeps (DFS)
were performed to check for aging effects. The DFS results do
not indicate any significant change in the rheological properties
during the experiments. This suggests that aging was not signif-
icant and an initial state with reproducible rheological properties
was obtained by the applied rejuvenation protocol.

lll. RESULTS AND DISCUSSION

A. Strain-controlled experiments: Step rate and
relaxation

1. Step-rate experiments

In a step-rate experiment, a constant shear rate y is applied
to the initially quiescent, solid-like sample until a steady state
with a fluid-like flow is reached. (For the response of the rhe-
ometer after commanding it to apply a constant shear rate,
see Appendix B and, in particular, the supplementary mate-
rial [56].) During the experiment, the stress response of the
sample, o(t), is monitored with the time linearly related to
the strain, t = y/y. Figures 2(A)-2(C) present the stress evo-
lution o(y) of the samples subjected to different applied
shear rates y, where only data that are measured after the set
shear rate ¢ has been reached are shown.

The linear increase in the stress o(y) at small strains y
indicates solid-like behavior. However, already at deforma-
tions ¥ < 0.1 deviations from a linear dependence are notice-
able and indicate viscous contributions to the mainly
solid-like response [37]. Subsequently, a maximum in the
stress o(y) is reached, the stress overshoot. The overshoot
moves to higher strains and first becomes more and then less
pronounced as the shear rate y increases, as was reported pre-
viously [36,37,40,42]. With increasing volume fraction, the
overshoot becomes less pronounced because the increasingly
dense packing restricts cage deformations. Beyond the over-
shoot, stress is released. Hence, the stress decreases to reach
a plateau value, the steady-state stress og. The steady-state
stress o increases with increasing shear rate ¥ and increas-
ing volume fraction ¢ [Figs. 2(A)-2(C)], in agreement with
other studies [36,37,40,42]. The dependence of og on the
shear rate ¥ can be compared with the flow curve, which will
be discussed in Sec. III C 1.

2. Relaxation experiments

After a steady state was reached, shear was stopped by
imposing ¥ = Orad/s (Appendix B and the supplementary
material [56], especially Fig. S3) and the stress relaxation
o(t) was followed [Figs. 2(D)-2(F)]. The stress o(f) shows a
fast, on the time scale of the experiments instantaneous,
initial relaxation followed by a slow, in the experiments
observable, relaxation as well as some residual stress. As will
be explained below, the fast initial relaxation is attributed to
the hydrodynamic stress and the slow relaxation to the
Brownian stress. In addition, contact (or friction) forces
might occur, which can be determined in shear reversal
experiments [57,58]. We assume that contact forces are negli-
gible because shear-thickening does not occur.

The initial fast decay is related to the relaxation of the sus-
pending liquid which relaxes much faster than the particles.
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FIG. 2. (A)—(C) Step-rate measurements with constant applied shear rate y (as indicated). Measured stress o as a function of strain y = y¢, which corresponds
to the temporal evolution. (D)—(F) Stress relaxation o(f) normalized by the steady-state stress o after the shear rate [as in (A)—(C)] has been stopped and fixed
to 7 = 0s~'. (G)—(I) Strain relaxation y(¢) after the shear rate [as in (A)~(C)] has been stopped and the stress fixed to o = 0 Pa. Volume fractions ¢ are [(A),

(D), and (G)] 0.575, [(B), (E), and (H)] 0.602, and [(C), (F), and ()] 0.624.

This part of the relaxed stress is accordingly considered the
hydrodynamic stress o},. Previously, the hydrodynamic stress
has been determined in computer simulations [57,59]. In
shear thickening suspensions, furthermore, shear reversal in
oscillatory shear experiments as well as shear cessation
experiments revealed its dependence on the shear rate
[58,60,61]. Due to its fast decay, the relaxation of the hydro-
dynamic stress cannot be monitored in a shear cessation test
but its magnitude can be determined from the initial stress
drop. The hydrodynamic stress oy, [Fig. 3(A), filled triangles]
is identified with the decay of o(¢) to the first reliable data
point [Figs. 2(D)-2(F)]. For the two lowest shear rates, the
magnitude of the hydrodynamic stress is very small, similar
to the uncertainty of the measurement. (The data correspond-
ing to the two lowest shear rates 7y = 10~*s~! and 1073 s~!
are not included in Fig. 3.) At intermediate and high shear
rates ¥, the hydrodynamic stress closely approaches the
steady-state stress oy [Fig. 3(D), filled triangles] and hence
represents the major part of the relaxation. It increases
approximately linearly with shear rate y [Fig. 3(A)], in agree-
ment with previous experimental and simulational studies

[57-60]. The hydrodynamic stress normalized by the steady-
state stress, op/0g, shows no significant dependence on the
volume fraction ¢. The hydrodynamic stress furthermore dis-
plays a similar dependence on the volume fraction ¢ as the
yield stress oypss [Fig. 3(A), horizontal dashed lines; for
values, see Table I in Appendix A]. Hence, oy, /Gy,Dss also
shows no significant dependence on the volume fraction ¢
(data not shown).

The slow decay that occurs after the first reliable data
point is due to the Brownian stress op [58]. It is attributed to
the relaxation of the shear-induced anisotropic arrangement
of particles. This slow relaxation occurs on short length
scales in the near-contact boundary layer as well as on larger
length scales corresponding to rearrangements of the aniso-
tropic cage [57]. These two length scales are reflected in two
time scales that govern the decay of the Brownian stress
[Figs. 2(D)-2(F)]. The rapid portion is particularly pro-
nounced for large initially applied shear rates that did not
allow for short-ranged cage rearrangements and hence
these rearrangements occur during the relaxation. The
Brownian stress decreases only moderately with increasing
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normalized by the Brownian time 75 4. (D) Same stresses but normalized
by the steady-state stress og. Data were obtained in conventional experi-
ments [Figs. 2(D)-2(F)], i.e., the application of a constant shear rate y was
followed by relaxation while 7 = 0s™', and unconventional experiments
[Figs. 4(G)—4(1)], i.e., the application of a constant stress ¢ was followed by
relaxation while 7 = 0s™! (symbols as indicated). The yield stresses Oy.DSS
are indicated as horizontal dashed lines in (A). Volume fractions ¢ as
indicated.

shear rate y [Fig. 3(B), open circles]. An almost constant
Brownian stress is consistent with a decreasing Brownian
contribution to the viscosity, as observed by Stokesian
dynamics, and an increasing shear rate y [57,59]. However,
the Brownian stress normalized by the steady-state stress,
0B /05, decreases with increasing previously applied shear
rate ¥ and is almost independent of volume fraction ¢
[Fig. 3(D), open circles]. At the smallest previously applied
shear rates, individual sudden drops are observed which are
attributed to avalanche type cooperative particle rearrange-
ments [33,62]. At small previously applied shear rates, the
contribution of the Brownian stress is similar to the hydrody-
namic stress whereas at large shear rates the contribution of
the Brownian stress becomes insignificant and the

1223

hydrodynamic stress dominates (irrespective of whether the
absolute values or the values normalized by the steady-state
stress or yield stress are considered). The transition occurs at
ytB,¢ ~ 1, where 7g4 is the Brownian time taking into
account interactions (Sec. IT A).

The very slow dynamics with suppressed out-of-cage
motions prevents a complete relaxation of the shear-induced
anisotropic arrangement of the particles even at the longest
times investigated. Hence, a residual stress o, remains, as
previously reported [18,63—67]. This reflects some remaining
solid-like character, which becomes less pronounced as the
sample is more thoroughly fluidized at larger shear rates y.
Correspondingly, the residual stress o, and the normalized
residual stress, o/0g or 0;/0y pss, decrease with increasing
shear rate y [Figs. 3(C) and 3(D), filled squares]. The decrease
of o; is very small for the largest volume fraction ¢ = 0.624.
There is a significant ¢ dependence of the residual stress o
and of the normalized residual stress o /0 or 0;/0y pss.

B. Stress-controlled experiments: Step-stress and
recovery

1. Step-stress (creep) experiments

In a creep experiment, a constant stress o is applied and
the resulting deformation y(r) measured as a function of time
t. The response y(¢) is qualitatively different depending on
whether the applied stress o is below or above the yield
stress oy (Table I in Appendix A). For large applied stresses
0 > oy pss, the increase of y(¢) is super-linear initially and
linear at later times [Figs. 4(A)—4(C)]. A slope of one implies
a constant shear rate 7 and hence a constant viscosity
n = o/y. This indicates that the system flows and hence has
yielded. It has reached a steady state and the stress o and
shear rate ¥ can be compared to the flow curve (Sec. III C 1).
If 0 < oy pss, initially y(¢) also increases superlinearly but
then hardly increases at long times. This sublinear increase
of y(t) is related to Andrade creep and has also been
observed for other yield stress materials [33,47,68]. Even at
very long times, ¢ ~ 107 s, the slope keeps increasing but
remains significantly lower than one (data not shown), as
previously observed [33]. This indicates that the sample did
not flow and hence did not yield. Accordingly, no steady
state is reached and hence the stress o and shear rate ¥ do not
correspond to any point on the flow curve (Sec. Il C 1).
Only if the applied stress is close to the yield stress,
o S oypss, at long times an approximately linear increase
and hence a steady state with a constant shear rate might be
observed indicating yielding and flow.

Between the short and long-time regimes, at ¢ = 0.5,
oscillations are observed [Figs. 4(A)—4(C)]. Similar oscilla-
tions have previously been reported and related to the inter-
play between instrument inertia, sample elasticity, and shear
wave propagation [33,38,43,68,74—76]. The oscillations are
prominent for stresses o S oy pss Where the sample elasticity
and inertia effects have a similar magnitude. At stresses
0 2 Oypss, the sample is fluidized and oscillations are con-
siderably less pronounced and, for o > oy pss, oscillations
are no longer observed.
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FIG. 4. (A)-(C) Creep measurements with constant applied stress o (as indicated). Measured strain y(7) as a function of time . (D)—(F) Recovered strain y,(7)
after the stress [as in (A)—(C)] has been released and fixed to o = 0 Pa. (G)—(I) Stress relaxation o(f) normalized by the steady-state stress oy, after the stress [as

in (A)~(C)] has been released and the shear rate fixed to 7 = 0s~'. The data at
(G)] 0.575, [(B), (E), and (H)] 0.602, and [(C), (F), and (I)] 0.624.

2. Recovery experiments

Following the step-stress experiment, the rheometer
imposed o = 0 Pa. (For a quantitative characterization of the
rheometer response, see the supplementary material [56].)
While the stress was kept at o = 0 Pa, the sample relaxed
and the evolution of the recovered strain y,.(f) was measured
[Figs. 4(D)-4(F)]. Again, a different behavior is observed
depending on the initially applied stress.

For ¢ > oy pss, the recovered strain y,(¢) decays toward a
plateau that indicates a magnitude of the total recovered
strain y, ,, of about 10% with slightly more strain recovered
for larger initially applied stresses. [For the largest initially
applied stress and a volume fraction ¢ = 0.575 and hence
the sample with the lowest viscosity under shear, the mea-
sured recovered strain y,(#) increases for long times, which
we attribute to residual drift of the tool, which might also be
responsible for the slight increase of y.(f) at small times.]
Although the application of a stress beyond the yield stress
fluidizes the sample, the dynamics is still dominated by
caging. The cages continuously break and reform but still

short times in (D)—(I) have been binned. Volume fractions ¢ are [(A), (D), and

suppress out-of-cage motions and hence at any instant restrict
particle motions to about a tenth of the particle size. This
constrains the extent to which structural deformations can be
recovered and limits the magnitude of the maximally recover-
able strain to about 10% [19]. This value is consistent with
the observed y, ., =~ 10% and the absence of a strong depen-
dence on the applied stress, as long as the stress is beyond
the yield stress. The cage dynamics also limits the maximum
sustainable deformation, i.e., the yield strain Yy which has a
comparable value (Fig. 11 in Appendix A).

For o < oypss, the strain recovery, 7,(¢), is much slower
and smaller. Furthermore, it shows a more pronounced
dependence on the initially applied stress. Since the sample
did not yield, it behaves as a deformed solid with a mainly
elastic response. It essentially recovers the imposed strain,
which depends on the applied stress and the duration of the
experiment.

The total recovered strain y,, can be compared to the
maximum imposed strain y(t = 103 s) (Fig. 5). If the applied
stress is below the yield stress, o < oy pss, the sample does
not yield but remains solid-like and exhibits elastic behavior.
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FIG. 5. Strain at the end of the creep measurement, i.e., maximum imposed
strain y(t=103s) (squares) and magnitude of the total recovered strain after
the cessation of stress, ¥, ., (circles), as a function of applied stress o normal-
ized by the yield stress oypss. Data were obtained in conventional experi-
ments [Figs. 4(D)-4(F)], i.e., the application of a constant stress ¢ was
followed by relaxation while ¢ = 0Pa (filled symbols), and unconventional
experiments [Figs. 2(G)-2(I)], i.e., the application of a constant strain rate y
was followed by relaxation while o = 0 Pa (crosses). Volume fractions ¢ as
indicated.

Accordingly, the strain is fully recovered, y,, ~ y(10° s).
For stresses beyond the yield stress, 0 2 oy pss, the sample is
fluidized. The limited cage dynamics results in a saturation
of the magnitude of the total recovered strain y,,, to about
10%, as discussed above. In contrast, the maximum imposed
strain (10 s) monotonically increases upon increasing the
applied stress . For large applied stress, ¥(10°s) increases
linearly, i.e., y(¢) = yt = (6/n)t ~ o due to the constant vis-
cosity n of the fluidized sample [Figs. 4(A)—4(C)]. Thus, an
increasingly small fraction of the imposed strain is recovered
upon shear cessation. The transition between the two regimes
is expected to occur at about the yield stress. It is indeed
observed at about 0.50ypss ~ oy s (Appendix A). We hence
consider the conditions under which the yield stresses have
been measured and compare them to the conditions under
which the strain recovery is probed. To determine the recov-
ered strain at about the transition, a constant stress of the
order of the yield stress is applied until a steady state is
reached and then the stress is released. The yield stress oy g
is determined based on the flow curve. The flow curve is
obtained by applying a constant shear rate and measuring the
stress once a steady state is reached (Sec. III C 1). For
glasses, the flow curve exhibits a plateau at low strain rates,
which is associated with the yield stress. Thus, oy s is deter-
mined by applying a constant shear rate y — 0. The yield
stress oypss has been determined in dynamic strain sweeps
(DSS) and hence under oscillatory deformation with an
angular frequency w = 1rad/s (Appendix A). This implies a
higher shear rate than that relevant for the determination of
Oyi. Thus, oys has been determined under more similar
conditions, constant application of shear and extrapolation to
zero shear rate, and hence is more relevant here. This is con-
sistent with the observation that the transition between the
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two regimes, ¥, o ~ y(10%s) and Yoo = 10%, occurs at oy g
rather than at oy pss.

Oscillations are observed at # ~ 0.1 s independent of the
previously applied stress [Figs. 4(D)-4(F)]. The oscillations
are analogous to those observed in the creep experiments
[33,38,43,68]. They are also attributed to the interplay
between instrument inertia and sample elasticity [74-76].

C. Strain vs stress-controlled experiments
1. Step-rate vs step-stress experiments

The step-rate and step-stress experiments (Secs. III A 1
and III B 1) both lead to a steady state if the sample yielded.
The characteristics of these steady states can be compared to
the flow curve. To determine the flow curve, decreasing shear
rates were applied in the range 5 x 107*s7! <7 <3057,
corresponding to 1074 < yt8o S 7 with the Brownian time
780 (Sec. II A). At a given shear rate y, the stress o was
repeatedly measured for 30-60 s until the difference between
three consecutive measurements was smaller than 5%, which
is assumed to indicate that a steady state was reached.
The resulting flow curves o(y) show the expected shape
(Fig. 6, solid lines). For high shear rates, the stress increases
with shear rate. The slope and hence the viscosity 7= 0o/7
decreases with shear rate indicating shear thinning
[19,39,40,42,50,69,70]. Toward low shear rates, the stress
tends to a plateau given by the yield stress oy for the
samples with a volume fraction above the glass transition
¢ > ¢, ~0.59 (Table 1 in Appendix A). In contrast, the
sample with ¢ < ¢, exhibits a continuous decrease in the
stress indicating flow at low shear rates.

The flow curve can be compared to the steady-state stress
o measured in step-rate experiments with constant shear rate
y (Fig. 6, dotted lines and triangles). They show essentially
the same dependence oy(y), although in a step-rate experi-
ment a constant shear rate is imposed on an initially quiescent
sample whereas the shear rate is successively changed to

o=0624
.y ¢ = 0.602
— 6 =0.575
< 1
A, 105
~
©
100_
e flow curve
p , — O- Step stress
10"+ O M- Step rate | 3
107 10° 108 10 10'

V/s

FIG. 6. Stress o as a function of shear rate y for different volume fractions
¢ as indicated. The data represent flow curve experiments (solid lines), the
steady states of step-rate experiments [dotted lines, triangles, Figs. 2(A)—
2(C)], and the final evolutions of step-stress experiments [dashed lines, open
circles, Figs. 4(A)—4(C)].
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determine the flow curve. For the lowest volume fraction
sample, ¢ = 0.575, the steady-state stress determined in step-
rate experiments shows a plateau at low rates, in contrast to
the steady-state stress in the flow curve. This indicates that a
steady state might not have been reached during the determina-
tion of the flow curve or that the measurements were affected
by slip. It has been reported [71-73] that near and above the
glass transition, ¢ > cbg, slip can affect the measurements at
small shear rates if smooth tools are used. In the present exper-
iments, roughened tools are used to reduce slip but some slip
cannot be excluded at low shear rates.

At the end of the step-stress (creep) experiments, the shear
rate 7(10°s) was determined as a function of the applied
stress o. The observed o(y) (Fig. 6, dashed lines and open
circles) agrees with the flow curve for stresses beyond the
yield stress, ¢ > oy pss, i.e., as long as the sample has been
fluidized. This is despite the significant differences between
the two experiments; a constant stress is imposed on an ini-
tially quiescent sample in a step-stress experiment whereas
the shear rate was stepwise decreased to determine the flow
curves. In contrast, if o < oy pss, the applied stress is lower
than observed in a flow curve or a step-rate experiment. This
is necessarily the case for the samples with volume fractions
¢ > ¢, since for small rates the flow curve tends to a
minimum stress, the plateau at oy g ~ oy pss (Appendix A).
Although for ¢ < oy pss the samples do not yield and flow,
they deform and thus the strain and strain rate evolve with
time [Figs. 4(A)-4(C)] meaning the value of the strain rate
extracted depends on the time at which it was determined.
Since the shear rate tends to decrease during the experiment,
the drop of o(y) toward small ¥ becomes less pronounced if
the shear rate is extracted later.

As discussed above, the same dependence of the steady-
state stress on the shear rate is observed regardless of
whether initially a constant stress or constant rate was
applied, if the sample yielded (Fig. 6). However, how the
samples yield and reach a steady state follows different paths
[38]. Therefore, we directly compare the transient behaviors
during step-rate and step-stress experiments. In step-rate
experiments, o(y) is monitored for a fixed y whereas in
step-stress experiments, y(¢) is followed for a given o. To
compare these two cases, oy(y) is considered as a function
of strain y or, equivalently, time ¢t = y/y. The experimental
parameters, a constant applied stress o or shear rate ¥, are
chosen to match according to the flow curve. In the steady
state, i.e., at large strains or long times, hence the data from
the step-rate and step-stress experiments coincide in the
plateau (Fig. 7). However, the graphs oy(y) evolve differ-
ently. The data from the step-stress experiments exhibit a
slow increase whereas the data from the step-rate experiments
increase faster and show a characteristic overshoot and an
approach to the plateau from larger values. This means that
in the step-rate experiments the plateau with the asymptotic
value of oy(y — o0) tends to be reached at smaller strains
when compared with the step-stress cases. As indicated by
the integral of oy(#), this involves a larger energy input,
which is due to the faster increase and overshoot.

The step-stress data show a slight dip at y ~20%
[Fig. 7(A), arrow], which appears to correspond to the
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FIG. 7. Step-rate and step-stress data shown as stress times shear rate, oy,
as a function of strain y for different applied shear rates ¥ and stresses o,
respectively, as well as for different volume fractions ¢ (as indicated).
A slight dip in oy(y) of the step-stress experiment is indicated by an
arrow. In the inset, this feature is shown for more applied stresses o (as
indicated).

overshoot of the step-rate data. A series of increasing applied
stresses o reveals an overshoot followed by a dip for o 2 oy
[Fig. 7(A), inset]. As the applied stress increases, the over-
shoot and dip become less pronounced and shift to larger
strains. This corresponds to the dependence of the magnitude
and position of the overshoot in the measured stress o(¢) in
step-rate experiments [Fig. 2(A)]. In step-rate experiments,
the decrease in the stress from the overshoot to the plateau
reflects the release of stress initiated by yielding.
Correspondingly, in the step-stress experiments, the over-
shoot and dip might also indicate yielding. They are attrib-
uted to the interplay between the instrument inertia and the
elasticity of the yielded sample (Sec. Il B 1) [74-76]. The
(visco)elasticity of the yielded sample depends on the
applied stress and hence the magnitude of the feature
changes with the applied stress. For small stresses
0 2 oypss, the sample is just fluidized and oscillations are
still visible whereas for larger stresses o oscillations become
less pronounced and eventually are no longer observed.

2. Relaxation vs recovery

After a step-rate experiment, usually the shear rate is fixed
to 7 =0s~! and the relaxation of the stress o(¢) followed
[Figs. 2(D)-2(F)]. Correspondingly, after a step-stress experi-
ment, the stress is released and fixed to o = OPa and the
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recovered strain y,.(f) measured [Figs. 4(D)-4(F)]. The
observed relaxation might thus depend on the initial experi-
ment, i.e., the application of a strain rate y or a stress o, or
on the parameter kept fixed, i.e., y = 0s~! or 6 =0Pa, or
on both. To disentangle the effect of the previous and con-
current treatment and to allow for a direct comparison, two
additional types of experiments were performed (Fig. 1).
First, a step-rate experiment was performed and then the
stress fixed to o = 0Pa. To technically realize such a test,
the constant shear rate was dropped to zero briefly (for
20 ms) and only then the stress was fixed to o = 0 Pa while
the recovered strain y,(f) was measured. Second, a step-stress
experiment was performed and then the shear rate fixed to
7 = 0s~!. In detail, the constant stress was stopped by apply-
ing a stress in the opposite direction for a very short time (a
few tens of ms) before the rheometer was commanded to fix
the strain to ¥ = 0 (Appendix B and the supplementary mate-
rial [56], especially Fig. S4). The stress relaxation data, o(?),
are only considered once a negligible shear rate is reached.
These procedures allow us to compare all combinations, i.e.,
shear is applied by strain rate or stress control and the relaxa-
tion observed under strain or stress control, the latter inde-
pendent of whether a constant strain rate or constant stress
was applied. Therefore, not only the effect of strain or stress
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control but also the effect of the previous treatment and
hence sample history can be investigated.

The different recoveries of the strain y,(#) have a
common shape irrespective of whether initially a step-rate
[Figs. 2(G)-2(I) and 8(A)-8(C), solid lines] or step-stress
experiment [Figs. 4(D)—4(F) and 8(A)-8(C), dashed lines]
was performed and even irrespective of yielding. This
includes the oscillations at =~ 0.1 s that are due to the inter-
play between instrument inertia, sample elasticity, and shear
wave propagation [74-76]. The sequence of y.(f) curves
follows a consistent trend when taking into account the rela-
tion between the applied shear rate y and the applied stress o
provided by the flow curve o(y). This can be quantified by
the total recovered strain y,.. It agrees with the values
observed in the conventional experiments, that is, the relaxa-
tion following a step-stress experiment (Fig. 5). Hence, strain
recovery does not depend upon how the preceding steady
state was reached. Even for samples that did not yield and
did not reach a steady state, the recovered strain y,(f) shows a
similar shape. The strain recovery is, therefore, also indepen-
dent of yielding. Nevertheless, the values of the magnitude
of the total recovered strain y, ., after step-stress tests with
o < oy, cannot be quantitatively compared to the values
determined after step-rate tests because the flow curve does
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FIG. 8. (A)—(C) Recovered strain y,(f) while the stress is set to zero, o = 0 Pa [Figs. 2(G)-2(I) and 4(D)-4(F)] and (D)—(F) relaxed stress o(#) normalized by
the steady-state stress oy, while the shear rate is set to zero, 7 = 0s~! [Figs. 2(D)-2(F) and 4(G)-4(I)], as a function of time ¢ after a constant shear rate j (solid
lines) or a constant stress o (dashed lines) has been applied and released. The shear rates applied in the step-rate experiments, 7, and the shear rates at the end
of the step-stress experiment, 7(t=107s), are indicated. Volume fractions ¢ are [(A) and (D)] 0.575, [(B) and (E)] 0.602, and [(C) and (F)] 0.624.
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not allow applied stresses below the yield stress to be related
to a shear rate .

In contrast to strain recovery, the relaxation of the stress
o(t) shows two distinct shapes [Figs. 8(D)-8(F)]. If the
sample did not yield, the shape is concave in the observed
time window while, if the sample yielded and was flowing,
the shape is convex. In the latter case, it appears irrelevant
whether a steady state was reached by applying a constant
shear rate [Figs. 2(D)-2(F) and 8(D)-8(F), solid lines] or a
constant stress [Figs. 4(G)—4(I) and 8(D)-8(F), dashed lines].
The time dependence of the relaxed stress o(f) is identical
and the extent of the stress relaxation follows a common
trend taking into account the flow curve o(y). The data also
allow for the calculation of the components of the stress
relaxation, the hydrodynamic, oy, Brownian, og, and resid-
ual, oy, stress as a function of the applied stress o, which can
again be associated with a shear rate ¥ using the flow curve
o(y). Their values quantitatively agree with the values deter-
mined during the relaxation following a step-rate experiment
(Fig. 3), except the Brownian and residual stresses of the
sample with the lowest volume fraction ¢ = 0.575. In this
case, the deviations are larger than the experimental uncer-
tainties and might be due to the experimental procedure and
hence a technical reason. In addition, the sample below and
the samples above the glass transition might respond differ-
ently to the application of a constant shear rate and a constant
stress which only becomes apparent during stress relaxation.
Nevertheless, apart from these differences, the stress relaxa-
tion o(f) appears to a large extent independent of how the
steady state has been reached, but a steady state needs to be
reached.

The yielded samples appear to relax in a similar, although
not identical way, independent of whether the stress
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FIG. 9. Fractions of the long-time relaxation, namely, long-time strain recov-
ery, 7:(18) = (1.0 — |7:(18)]) /7100 (filled squares), where y,(1s) is the strain
recovered after 1s and 7, ., the magnitude of the total recovered strain and
fraction of the long-time stress relaxation, 6(1s) = (o(1s) — 0,)/(0ss — O%)
(open circles), where o(1s) is the stress relaxed after 1s, o, is the residual
stress, and oy is the steady-state stress. Both are shown as functions of the
shear rate ¥ normalized by the Brownian time 7g 4. The sample was fluidized
by applying a constant shear rate and the relaxation was followed while the
shear rate (open circles) or stress (filled squares) was set to zero. Volume frac-
tions ¢ as indicated.
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[Figs. 8(A)-8(C)] or the shear rate [Figs. 8(D)-8(F)] is set
to zero, except for the different response times of the
rheometers and the oscillations at early times in the strain
recovery data. To allow for a direct comparison, we focus on
the relaxation for times 7> 1 s and consider step-rate
experiments. Moreover, dimensionless quantities are
considered. For 7 = 0s~!, the stress decays from the steady-
state stress o to the residual stress o;. We consider part of
this decay, from o(ls) to o, and hence the fraction
6(1s) = (o(1s) — 6,)/(0ss — o). Since the residual stress o
is very small compared to the steady-state stress, 107> <
0;/0s < 107! [Fig. 3(C)], 6(1s) =~ o(1s)/0s. This is approx-
imately the scaled Brownian stress [Fig. 3(C)]. Accordingly,
the fraction &(1s) is found to decrease with shear rate
(Fig. 9). For o = 0 Pa, the sample relaxes the total recovered
strain y, ., and hence we consider the fraction of the decay,
7:(18) = (Y100 — |¥:(15)])/7:.00- The fraction y,(1s) decreases
with shear rate y (Fig. 9). This reflects the increasing initial
decay caused by instrument inertia effects that result in oscilla-
tions and become more pronounced mainly due to technical
reasons [74-76]. Similar fractions of the strain, y,(1s), and of
the stress, 6(1s), are relaxed at long times beyond y7p ¢ ~ 1
and 10 for the less (¢ < ¢,) and more (¢ > ¢,) concentrated
samples, respectively. While this seems an interesting experi-
mental observation, the reason and the implications are
not clear.

The long-time decays (#> 1s) are compared based
on the reduced relaxed stress &(f) = (o(f) — 0;)/(0ss — O)
~ o(t)/0s and the reduced  recovered strain
7.0[6(1s)/7,(1s)] for the sample with ¢ = 0.575 (Fig. 10).
As expected, the magnitude of the decays depends on the ini-
tially applied shear rate . However, the relaxations occur on
a similar time scale. Hence, it seems less important whether
the relaxation occurs while o =0Pa or y =0s~!. In both
cases, no time scale is imposed and hence the particle relaxa-
tion provides the only relevant time scale. The considered
slow decay is due to the relaxation of the shear-induced

14 Step rate b
— 4:(t) while 0 =0 ——
= 084 o(t) while =0 o

FIG. 10. Reduced relaxed stress 6(7) ~ o(f)/og (open circles) and reduced
recovered strain 7,(£)[6(1s)/7,(1s)] (solid lines) as a function of time 7 while
the shear rate (open circles) or the stress (solid lines) has been set to zero
after a constant shear rate 7 (as indicated) has been applied and released. The
same data as in Figs. 2(D) and 2(G) but represented differently. Volume frac-
tion ¢ = 0.575.
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anisotropic particle arrangement and related to the Brownian
stress. For the sample with volume fraction ¢ = 0.575, the
Brownian time 7g ¢ = 1.86s (Sec. II A), which is close to
the time scale of the decay, a few seconds (Fig. 10).
Nevertheless, also noticeable differences exist between the
relaxations while o or y was set to zero. They are attributed
to the different treatments of the sample. Under strain
control, the sample is restrained to its macroscopic shape and
the particles can only microscopically rearrange to relax
stress whereas under stress control the sample can change its
overall shape allowing deformations to relax through an
overall macroscopic motion in addition to internal micro-
scopic particle motions.

IV. CONCLUSIONS

The rheological response of hard sphere suspensions with
concentrations around the glass transition was investigated
during start-up and relaxation tests. Of particular interest was
the comparison of strain and stress controlled experiments as
well as the consequences of a previous application of strain
or stress on the rheological properties in the steady state and
the subsequent relaxation and hence of the sample history.
An obvious difference between the two tests is the possibility
of yielding. While in step-rate experiments yielding can
always be achieved, in step-stress experiments yielding and
flow only occur if the applied stress o is beyond the yield
stress oy.

Independent of the application of a strain rate or a stress
beyond the yield stress, steady states are reached, in which
the rheological properties are identical and agree with the
flow curve obtained by a stepwise change of the strain rate.
In contrast, for o < oy, no steady state is reached and the
strain keeps evolving. Thus, the data do not resemble the
flow curve and, in particular, no plateau is observed at small
shear rates.

Different paths toward the steady state were observed
which are compared considering oy(f). The approach is
faster and contains a characteristic overshoot in step-rate
experiments. In step-stress experiments, the approach is
slower and can be achieved with a smaller energy input. A
detailed comparison reveals an overshoot followed by a dip
of oy(t) in the step-stress experiments. This feature is most
pronounced for stresses o 2 oy, and becomes less pro-
nounced and moves to larger strains as o is increased. It cor-
responds to the overshoot in oy(f) observed in step-rate
experiments and thus indicates yielding. Its position can
hence provide a measure of the yield strain.

To study the relaxation after shear cessation, a step-rate
test is usually followed by setting the shear rate to zero and,
correspondingly, after a step-stress test the stress is set to
zero. To explore all possible combinations, we also set the
stress to zero after a step-rate test and set the shear rate to
zero after a step-stress test. Independent of the previous treat-
ment, in all cases, the recovered strain y,(f) follows a similar
trend, even if no steady state was reached and no yielding
occurred and hence the sample behaved solid-like. The mag-
nitude of the total recovered strain 7, . increases with the
applied stress or strain rate but saturates at about 10%, which
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coincides with the extent of in-cage motions. This trend is
also independent of the previous treatment. In contrast, the
relaxed stress o(f) shows qualitatively different shapes
depending on whether a steady state was reached or not. If a
steady state was reached, the contributions to the relaxed
stress o(f), namely, the hydrodynamic o}, Brownian og, and
residual o, stresses are independent of the previous treatment.
The hydrodynamic stress increases approximately linearly
with shear rate and approaches the steady-state stress. At
large shear rates, y7g 4 2 1, it dominates the Brownian stress,
which moderately decreases with shear rate. The relatively
small contribution of the residual stress decreases with
increasing shear rate. If normalized by the steady-state stress
Oss, the hydrodynamic and Brownian stresses are independent
of the volume fraction, whereas the normalized residual
stress is not.

The reduced relaxed stress 6(7) and the reduced recovered
strain 7,.(r) allow for a direct comparison of the relaxation
while either the strain or the stress is set to zero. Despite the
different conditions, the long-time decay occurs on a similar
time scale and with a common time dependence.
Nevertheless, there are also small but noticeable deviations.

These observations confirm the importance of yielding to
reach a steady state. The unambiguous identification of a
steady state requires not only macroscopic rheological data
but also mesoscopic and microscopic information on, e.g.,
the particle arrangement and dynamics as well as the flow
profile. Here, however, we only characterized the steady
states rheologically. This seems to be sufficient to define the
steady state with respect to the rheological response upon
shear cessation, which was found to be independent of the
shear history. Nevertheless, a microscopic study would be
valuable to directly provide the information required to iden-
tify the steady state unambiguously.
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APPENDIX A: DETERMINATION OF THE YIELD
STRESS

The yield stress o, was determined in oscillatory experi-
ments and based on flow curves.

In the DFS, an oscillatory deformation was applied with
the strain amplitude in the linear regime, y = 0.3%, and a

TABLE 1. Yield stress for different volume fractions ¢ as determined by
DSS, oy pss, and flow curve measurements, oy .

(b Oy DSS Oy fc
(Pa) (Pa)
0.575 2.38 —
0.602 6.76 3.6
0.624 35.52 16.7
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varying angular frequency 0.02rad/s < @ < 50rad/s corre-
sponding to 0.004 S wrpo S 11, where 7 is the Brownian
time (Sec. I A). This frequency range is not expected to be
affected by instrument or sample inertia nor by shear wave
propagation effects, which are only predicted to be noticeable
for frequencies @ > 100 rad/s [74—77]. Within the explored
range of angular frequencies w, the value of the elastic
modulus G’ is almost constant with only a weak increase
toward large o, whereas the increase in the viscous modulus
G" starts at smaller values of @ and is more pronounced
[Fig. 11(A)]. The elastic response dominates the viscous
response, G’ > G”, at all frequencies w. These dependencies
are characteristic for concentrated colloidal suspensions,
including colloidal glasses [26,51,78,79]. The qualitative
behavior is independent of ¢. However, the magnitude of the
moduli shows a strong increase with ¢, which is indicative
of particle—particle interactions that resemble hard sphere
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FIG. 11. (A) DFS with strain amplitude ¥y =0.3% and (B) DSS with
angular frequency @ = 1.0 rad/s. Elastic G’ (solid symbols) and viscous G”
(open symbols) moduli as a function of angular frequency @ and strain
amplitude y, respectively. The arrow marks the yield point (yy pgs, Oy.pss),
defined by G’ = G”, of the sample with ¢ = 0.624. The vertical dashed
lines indicate the angular frequency and strain amplitude applied in the DFS
and DSS, respectively. Volume fractions ¢ as indicated.
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interactions [36,51,80,81]. Moreover, the absolute values of
the normalized modulus G'/(kgT/R®) quantitatively agree
with previous data [36].

The DFS were complemented by DSS with an angular fre-
quency in the linear regime, w = 1.0rad/s [Fig. 11(A),
dashed line]. The DSS experiments covered strain amplitudes
0.1% <y <1000%. The same qualitative behavior is
observed but with increasing ¢ the magnitudes of G’ and G”
increase and the features shift to slightly larger strain ampli-
tudes y [Fig. 11(B)]. At small strain amplitudes y < 2%, G’
and G” are approximately constant indicating the linear
regime. At large y, nonlinear shear-thinning and viscoelastic
fluid-like behavior is observed. This agrees with the predic-
tion of the Maxwell model for hard spheres in the flow
regime modified to include the yield stress [82-84]. The
crossover between these two regimes is considered to occur
when G' = G” [Fig. 11(B), arrow] [22,23]. The correspond-
ing strain amplitude y, pgs ~ 10%-20% can be taken as a
measure of the yield strain and the stress oy pgs as a measure
of the yield stress (Table I). The yield stress oy pss increases
with volume fraction ¢.

The flow curves o(y) have been determined for all
volume fractions ¢ (Sec. IlI C 1, Fig. 6). For samples with
¢ > ¢, the yield stress oyr has been extracted as the
plateau value at low shear rates following the Herschel—-
Bulkley model [22,23] (Table I).

The values of the yield stress obtained by DSS, oy pss, are
about twice the values determined based on the flow curves,
oy (Table I). This difference is attributed to the different
definitions and hence conditions under which the yield
stresses were determined. To determine the flow curve, a
constant shear rate was applied and the stress measured in the
steady state. The yield stress was then associated with the
plateau value at small shear rates, which develops in the case
of glasses. In the DSS experiments, however, oscillatory
shear was applied and hence the shear rate changed periodi-
cally. The yield stress is defined by the transition from solid-
like behavior (G’ < G”) at small strain amplitudes (y < 10%)
to fluid-like behavior (G’ > G”) at large strain amplitudes.
Thus, the yield stress was determined at finite frequencies
and thus finite average shear rates whereas the determination
through the flow curve was based on an extrapolation to zero
shear rate. At larger shear rates, the flow curve indicates a
larger stress, o > oy s, consistent with the observation that
Oypss = Oy. Therefore, oy s is more relevant to the present
start-up and relaxation experiments. Nevertheless, for consis-
tency, we use oy pss to normalize the data because its deter-
mination can be extended to concentrated fluids with volume
fractions ¢ < ¢,. In this case, the condition G’ = G" indi-
cates the stress required to fluidize temporary cages, i.e., to
eliminate the transient solid-like response at intermediate fre-
quencies of a sample that already exhibits a fluid-like
response at low frequencies.

APPENDIX B: RESPONSE OF RHEOMETERS

Both, the start-up and cessation of shear, ideally involve
sudden changes of the applied stress or shear rate. It is hence
crucial to take into account the response time of the
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rheometers. In particular, the shear rate cannot be changed
abruptly. The actually applied shear rate was followed upon
commanding the rheometer to apply a constant shear rate
and, for the cessation experiments, to set the shear rate to
zero. Only data recorded after the desired shear was approxi-
mately reached were considered and are shown in the corre-
sponding figures. In the supplementary material [56], the
measured responses of the used rheometers and geometries
are presented, analyzed, and discussed for representative
examples.
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