
Quantum Theory 2015/16

Tutorial Sheet 3

3.1 Check all the Gaussian integrals on the handout. Consider in particular the convergence
of the integrals when a is complex, and discuss how they may be defined throughout the
complex plane by analytic continuation.

3.2 Show by substitution that the free particle amplitude derived in lectures satisfies the
nonlinear consistency condition

〈xb, tb|xa, ta〉 =
∫ ∞
−∞

dx〈xb, tb|x, t〉 〈x, t|xa, ta〉,

for all ta < t < tb.
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Use this result to evaluate the normalization factor

F0(T ) =
∫ 0

0
DηeiS[η]/h̄ ≡ lim

N→∞
(ν(ε))N+1

( N∏
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where η0 = ηN+1 = 0, ε = T/(N + 1), and ν(ε) =
√
m/2πih̄ε, by repeated Gaussian

integration.

3.4 Show that if ψ(x, t) ≡ 〈x, t|ψ〉, then

ψ(x, t) =
∫
dx′G0(x− x′, t− t′)ψ(x′, t′), (1)

where G0(x− x′, t− t′) = 〈x, t|x′, t′〉 is the free particle amplitude, and t ≥ t′.

Suppose a free particle has definite momentum p at time t = 0 (so the wave function
is proportional to eipx/h̄). Show using the result derived in lectures for the free particle
amplitude that at some later time the particle has the same definite momentum, but
that the wave function also varies in time as e−ip

2t/2mh̄, and thus that the particle has
definite energy E = p2/2m.

3.5 (a) Show by explicit computation that ψ(x, t) ≡ 〈x, t|ψ〉 (as given by equation (1) in
question (3.4)) satisfies the time dependent free particle Schrödinger equation, ie that

− h̄2

2m

∂2

∂x2
ψ(x, t) = ih̄

∂

∂t
ψ(x, t).

(b) Compute the momentum space free particle amplitude 〈p, t|p′, t′〉 from the position
space amplitude. Show thus that the momentum space wave function ψ̃(p, t) ≡ 〈p, t|ψ〉
satisfies the momentum space free particle Schrödinger equation, i.e. that

ih̄
∂

∂t
ψ̃(p, t) =

p2

2m
ψ̃(p, t).



3.6 The wavefunction ψ(x, t) = 〈x, t|ψ〉 for a free particle moving in one dimension is given
at time t = 0 by the Gaussian wave packet

ψ(x, 0) = C exp(ip0 x/h̄) exp(−x2/4σ2
0).

(i) Show that the normalisation constant is C =
(
2πσ2

)−1/4
, and that the uncer-

tainty ∆x at t = 0 is ∆x0 = σ0.

(ii) Show that the normalised momentum space wavefunction at time t = 0 is

ψ̃(p, 0) = C̃ exp(−σ2
0 (p− p0)2/h̄2)

and determine the normalisation constant C̃. Show that the expectation value
of p̂ is p0 and hence that the momentum uncertainty ∆p at t = 0 is ∆p0 =
h̄/2σ0, and thus that the uncertainty relation is saturated, i.e.

∆x0 ∆p0 = 1
2
h̄

(iii) Determine the evolved wave functions ψ(x, t) and ψ̃(p, t) using the free particle
amplitudes in position and momentum space respectively. Hence show that
the expectation value of the position at time t is 〈x̂〉t = p0 t/m, while the
uncertainty about the mean value of x at time t is

∆xt = ∆x0

√√√√1 +
h̄2 t2

4 ∆x4
0m

2
,

and deduce similar expressions for the expectation value of the momentum
and its uncertainty. Does the uncertainty relation remain saturated?


