Vector Calculus 2013/14

Vector Calculus — a résumé

These notes summarise many of the results of vector calculus derived /used in pre-Honours
Vector Calculus. They are far from complete, e.g. basic line, surface and volume integrals
aren’t defined, for example.

Both index notation (with the i*®® Cartesian coordinate denoted by x; and the i*" basis vector
by ¢e;), and ‘long-hand’ notation (z, y, z and e,, e,, €,) are used.

Vectors

The vector a has components a; (or ay, ay, a) :

3
a = Yae (=ae,+ae,tac,)
i=1

where {¢;} or {e,, e,, e,} are a set of orthonormal basis vectors satisfying:

€;"

)

i = 0 (Qx'szl, €,y =0, etc).

The position vector r has components x; (or z, y, 2):

ro= > mie, (=ze.+ye, +ze.) .

Scalar and vector fields

¢(r) = scalar function of r = a scalar field

a(r) = vector function of r = a vector field = Y a;(r) e, .
The scalar product of @ and bis a-b =3, a;b; (= azb, + a,b, + a.b,)
The vector product of a and b is denoted a x b, and defined by

€1 €9 €3
axb=|a a a3
by by bs



The vector operator V (‘del’), defined as

0 0 0
= ;Qiﬁixi = Qx%—f—ﬁy@*y—i-ﬁzg

can operate on scalar and vector fields to give, in terms of Cartesian coordinates:

gradg = Vo = ;ezgz = exgi+€yg§+ez(;f
curle = Vxa 263;{%(;2—%?}%—
The chain rule: If F(¢(r)) is a scalar field, then V F' (¢) = dFd((;b) V é(r)

If ¢ and F' are built from two or more other fields (e.g. ¢ =a-b, F = ¢a, F = axb) where
¢ and v are scalar fields, and a, b and F' are vector fields, then the following identities are
found to be useful:

Vi) = (Vo) + (Vo) V-(axb) = b-(Vxa)—a-(VxDb)
V(¢a) = (Vo) a+o(V-a) Vx(ga) = o(Vxa)+ (Vo) xa

Via-b) = (@ V)b+(b-V)atax(Vxb+bx(Vxa)

x(axb) = (V-ba+(b-V)a—(V-a)b—(a-V)b

Second-order operators can be formed from V , such as:

2
V- (Vo) = Z 0 ¢ V3¢ [Laplacian acting on a scalar]
Vx(Vxa) = V(V- g) — Vi [Laplacian acting on a vector]
Also V-(Vxa) = 0 and Vx(V¢) =

For the position vector r we have the special results:

V-r = 3, Vxr =0, Vx(ecxr) = 2

(c-V)r = V(c-r) = ¢  where cis a constant vector

V f(r) = f'(r)r/r wherer=|r|.

e.g. V' = nr"?r (because f(r) =r" = f'(r) =nr"1)



Integral Vector Calculus
The line, surface and volume integrals of these fields are related by the divergence theorem

(sometimes called Gauss’ theorem) and Stokes’ theorem:

a-dS with S a closed surface bounding volume V.

/V@-@)dV = /, S

a-dr with S an open surface, bounded by a closed curve C.

[(¥xa)-ds = fa

Scalar and vector potentials

0 & d¢suchthata=Ve

Scalar potential:
Vxa

Vector potential:
V-B=0 < JAsuchthat B=V x A



Orthogonal curvilinear coordinates

If the symmetry of the problem suggests a coordinate system other than Cartesian, we need
to generalise the relations between div, grad, curl and V? and the partial derivatives as given
in the first part of this résumé.

For orthogonal curvilinear coordinates {u;}, the unit vectors {e;} and scale factors {h;}, for
all © = 1,2, 3, are defined as follows:

or

Lo e
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The basic operations are given in terms of h;, e; and are as follows (with a = a; e;)
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The most commonly used systems are:

1. Circular cylindrical coordinates (p, ¢, 2):

xr=pcosp, y=psing, z=z, with h,=1, hg=p, h,=1

2. Spherical polar coordinates (7, 6, ¢):

x=rsinfcos¢, y=rsinfsing, z=rcost with h, =1, hy=r, hg=rsind.

The elements of length, area and volume may be written in terms of the scale factors.



