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Section A: Answer ALL of the questions in this Section

A.1. The components of the angulal momentum operator are given by:

L1 : einLftufL,

where the indices j,k,l rangefrom 1 to 3, and summation over rcpeated indices
is understood. Write the explicit cxpression for thc component 12.

Using the canonical commutation lclaltions:

lfti, ft*1 : lp,, pnl : o,

lfti,P*) : ihdin, i,k - 1,2,3,

prove that lLr, L"l: ihLt.

Write the generic crxpression for tlu: commutator lf,,,L*1.

L.2, Let 'u.(r) be eigenstates of thc llarniitonian H witli eigenvalucs ,B,.

Write down the time dependence of a wave function Q(r,t) that satisfics thc
boundary condition \tr(r,0) : ur(.r;).

If a quantum systcm is in a statc:

l(:r:) - Y a,"u,,(r)

at time t:0,writc down thc rvalc nnlrrur. of thcr system at time t.

4,4, Consider two parlrcles with spiu .sl : Il2 and s2 : 1 rcspectivcly. Iror cach

pirrticle enumeratc the possiblc valrrcs of the spin along the z dircction.

Count the numbcr.'of states in thcr ttncouplcd basis ls1, s1,",s2,s2,").

Is it possiblc to cotrstruct a sta.tc u'rth total spin s - 2?

t1l

l2l

fol
[.)]

t3l

l1l

l2l

t1l

l2l

A.3. Consrder a three-climensional harrnonic oscillator, whose Hamiltonian is givel
by:

1 .r, I c /., ^') ^r\H : 
^(F:i 

+ pii t,;a) + -r*r'lr- t 0' * 2') .

what is the degencracy of the sta,tc r,,'ith cnergy E : th,u? t5]
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Section B: Answer TWO questions from this Section

B.1. Considerasystemmadeof twop:rrticlesof mass m1 arLdrn2respectively. Letus
denote by 11 and r, the coordinatcs of particle 1 and 2 respectively, and let us

define:

X- m(11 -1- rn2r2

rn1 -F 1n2
, Q:rt-fr2.

(u)

(b)

(.)

(d)

(")

Find :r1 arrl ;r, in terms of { and l;.

Express the components of tlio momcnta P1, : -ih&,ancl fs : -ih,*
as functions of the componcnts of the momenta of each individual particle
p(t) urr4 O(z). t3l

Show that

.ir, TTll 
np"' p+-t',

Tt\ t Tfi2

,(z:) _p 1 7,2 p 
.

m1 -l nt2-

Show that the total angular momentum of tirc system can be written as:

L-: L" + L,.

where:

L-i*P, L":**P.
Give a physical interprct:rtiorr of this result.

Consider now' two identical pa,r'ticles. How does X change when the two
particles lrr''' cxchanged? I-Iorl, rloes r changc when the two particles are ex-

changed? Idcntify the exchangc of the two particles with a parity opcra,tion.

Consider norv two identical particies of spin 712. What are the possible val-
ues of the tolal spin of thc systcm? Assume that the two identical particles
are in a stir,Lc with tr. : 1. Is the spatial wave function of the systcm sym-
metric or arrtisymmetric unclur the cxchangc of the two particlcs? Deduce
Lhc vaiue ,'f ihc total spirr itr tlris casc.

t3l

t4l

l5l

[5]
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8.2.

Thc hydrogen al om is a bound statc of an clectlon and a proton, due to the
electromagnctic irrNeraction betl'ccIr the two particlcs.

(a) Introducinll the reiativc distance between the electron and the proton, write
down the llamiltonian fol this system. Discttss the symmetry propertics

of the Coulomb potential. Ilxplain why wc shall look for a solution of the
form: $(r,0.6) : R(r)Y["(p. it).

(b) The Laplar iirn in threc dimcnsions can bc wtitten as:

_o I t /.,a/\ i;zv, ,.i.\r"r) TFr,

Check thc .iimensions on both sides of this ccluation.

Starting lr,,nr the time-indcpcrrdcnt Schrodiuger equation, and using thc
fact that tlrr:6,6fi6n oI L2 r,.t tlrc sphcrical hannonics is given by:

L2v;'10 . o) : ff 1111 + 1)Y;'(0, d) ,

write don,r the one-dirncnsiorral diffcrential ccluation for the radiai part of
thc wave 1r rrrction. [3]

(c.) Using a Iur'lrcr substitution. sliorv that thc cquation for the radial part of
the wavc {rrrrction can bc lcrLrrcrcd to a, onc-rlirncnsional timc-indcpcndent
Sclrroding, r r.rquation. Intcr'pr r'l thc tcruts that. appcar in this onedimcnsional
cquation.

(d) The cncrg, 'rf the grouticl slalc for thc: hyclrogcn atom is givcn by:

e2[it :
'2cLo

t3l

t1l

t3l

rvherc rrs ).53 x 10-10rru is tlrc Bohr ra,dir,rs, which describes thc typical
size of thc , .om in the groutrrl statc.

Write dou r, the excited clti,)rg\. lcvcls, and ckrcluce the typical ladius rp of

thc excitc':l states for A; > 1. u'lrcre k is thc principal quantum number.

(c) Considi:r A sa,mple of h),dlogrru gtrs in a lab, at typical values of pressurc and

tempelnturc. P : 105 P:r,. /' - 3001(. Using lhc ideal gas law, PV : nkBT 
^

rvherc n iSf lre number ot itlottts, dcducc thtr r.olume pcr aton of bhc g:is.

You can riic.ks : 1.38 x 1l ):rJI( 1 for lloltzma'nn's consta,ut. Whcn

thc typrt.atvolume of thc h1'rlrog-cn atorn cxcccds thc availablc volume pcr

:rtom, thc tvrcrgy level can tto lougcr bc obstxvcd in expcriments; dcducc

thu maxil.r,r,rw"r principal cptrrlrnu nurnbcr tha,L can bc obscrvcd in thc lab

corrditions a lrove.

14)

[6]
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El.3. Let us consider art eigenstate l/(t)) of an Hamiltonian FI with eigenvalue E.

(*) Let O be a l5eneric operator that does not dcpend on time. Show that

tl ^

.rtU,(t)loll(t)) : o.

t5l

(b) Using the{.c-t that p : -ih(dldr), show th:rt

h,, 1'( r)l : -to*,t''(i) ,

where F(z\is a differentiable function of r. t5]

(c) Let the Ha:riltonian bc 
^,

It : L +I/(ft\;
2nt

cornpute li|,Al tsl

(cl) Deduce that
.ff

(A(il1;,1 r,{ r)) : 2(v(t)l l'(t)l'/(,))'

when 7(r) : Ara. t5l
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