Lagrangian

• Lagrangian field theory: useful framework to

discuss symmetries and conservation laws

• Lagrangian density L defined as L = T − V L = ∫ Ld^3x

T and V are kinetic and potential energy densities • Euler-Lagrange Equation δ δxμ δL δ (_{δϕ} δxμ ) − δL δϕ = 0 • Start with Lagrangian, eg.

L =^1_2 (δμϕ)(δ^μϕ) −^1_2 m^2ϕ^2 =^1_2 (δ0ϕδ0ϕ − δ1ϕδ1ϕ − δ2ϕδ2ϕ − δ3ϕδ3ϕ) −^1_2 m^2ϕ^2 This gives the Klein-Gordon equation δμδ^μϕ + m^2ϕ = 0

• Dirac equation follows from L = iψ̄γ^μδμψ − mψ̄ψ 0 = (iγ^μδμ − m) ψ

Franz Muheim Particle Physics 4 4. 3. 2004

Gauge Transformations

• Maxwell’s equations are invariant under

transformations Aμ → A^′_μ = Aμ + δμχ for any field χ = χ(x^μ)

• Global phase transformation for e^− spinor fields ψ(x) → U(α)ψ(x) = e^{iα}ψ(x) α is independent of x, group U(1) symmetry • Gauge principle

Demand L invariant under U(1) rotations Sufficient to look at infinitesimal rotations U(α) = 1 + iα

• Noether theorem δL = 0

Global gauge invariance

⇐⇒ Charge conservation j^μ = −eψ̄γ^μψ δμj^μ = 0 • What if α = α(x) ?

Franz Muheim Particle Physics 4 4. 3. 2004

Local Gauge Invariance

• Local phase transformation ψ(x) → U(α(x))ψ(x) = e^{iα(x)}ψ(x) ψ̄(x) → Ū(α(x))ψ̄(x) = e^{−iα(x)}ψ̄(x) • L is not invariant, kinetic term is δμψ → e^{iα(x)}δμψ(x) + ie^{iα(x)}ψδμα(x) • Need to modify derivative

Introduce covariant derivative Dμψ → e^{iα(x)}Dμψ(x) Dμ ≡ δμ − ieAμ Aμ → Aμ + 1 e δμα(x) Now L invariant L = ψ̄(iγ^μδμ − m)ψ + eψ̄γ^μAμψ • Price to pay =⇒ Trophy

Gauge field A_μ, photons QED Lagrangian add kinetic energy L = ψ̄(iγ^μδμ − m)ψ + eψ̄γ^μAμψ − 1 4 Fμν F^{μν} Fμν = δμAν − δν Aμ

Franz Muheim Particle Physics 4 4. 3. 2004

QCD Gauge Invariance

• Colour vectors c(x) = u d s , λ matrices Ti =^1_2 λi

• Demand local SU(3) phase invariance c(x) → Uc(x) = e^{−i⃗θ(x)· ⃗T} c(x) 8 rotation angles ⃗θ(x) = (θ1(x), θ2(x), ..., θ8(x)

• Analogous to QED =⇒ Must introduce 8 gauge

fields G^a_μ which correspond to 8 massless gluons

=⇒ QCD Lagrangian L = q̄(iγ^μδμ − m)q − g(q̄γ^μT^aq)G^a_μ − 1 4 G^a_{μν} G^{μνa} • SU(3) is non abelian group

Generators [ λ^a, λ^b ] = 2if^{abc}λ^c Covariant derivative introduces gluon self coupling 3-gluon and 4-gluon vertices G^a_μ → G^a_μ − 1 g δμθ^a − f^{abc}θ^bG^c_μ G^a_{μν} → δμG^a_ν − δν G^a_μ − gf^{abc}G^b_μG^c_ν L = “q̄q” + “G^2” + g“q̄qG” + g“G^3” + g^2“G^4”

Franz Muheim Particle Physics 4 4. 3. 2004

Weak Isospin

• How are charged and neutral weak currents

related?� W^−

d, ν u, l^− gw • Charged W^± current left-handed , e.g.

j^μ ≡ (j^μ)^+ = ν̄γ^{μ 1}_2 (1 − γ^5)e = ν̄Lγ^μeL j^{μ†} ≡ (j^μ)^− = ēγ^{μ 1}_2 (1 − γ^5)ν = ēLγ^μνL

• Introduce Weak Isospin

Left-handed doublets (I_W =^1_2 ) χL = ν^e e^− L ν^μ μ^− L ν^τ τ^− L IW,3 = +^1_2 IW,3 = −^1_2 Right-handed singlets (I_W = 0) χR = ( e^− ) R ( μ^− ) R ( τ^− ) R IW,3 = 0 • Charged currents re-written as j^μ = χ̄Lγ^μσ+ χL j^{μ†} = χ̄Lγ^μσ− χL σ± =^1_2 (σ1 ± iσ2) Pauli matrices

Franz Muheim Particle Physics 4 4. 3. 2004

Weak Gauge Invariance

• Demand local SU(2) phase (gauge) invariance ψ → Uψ = e^{−i ⃗W (x)·⃗σ} ⃗W (x) = (W_1(x), W_2(x), W_3(x)) invariance under rotations in weak isospin space

• Must introduce 3 gauge fields which correspond to

3 massless gauge bosons W^μ_i , W^μ_2 , W^μ_3 Triplet I_W = 1 combinations W^{μ+} = 1 √ 2 (W^μ_1 + iW^μ_2 ) W^{μ0} = W^μ_3 W^{μ−} = 1 √ 2 (W^μ_1 − iW^μ_2 )

• Identify W^{μ±} with charged W^±

Problem mass M_W ≠ 0

=⇒ Higgs mechanism • Weak isospin conserved for charged current νe → e^−W^+ e^− → νeW^− IW,3 :^1_2 = −^1_2 + 1 −^1_2 = +^1_2 − 1

Franz Muheim Particle Physics 4 4. 3. 2004

Weak Hypercharge

• SU(2) gauge invariance requires weak neutral

currents mediated by neutral gauge boson W_3�

Z^0

f = ν, l, q f = ν, l, q g^′_w • Neutral weak current

j^μ_3 = χ̄Lγ^{μ 1}_2 σ3 χL =^1_2 ν̄Lγ^μνL −^1_2 ēLγ^μeL couples only to left-handed parts, V-A structure

• Weak isospin conserved for neutral current νe → νeW3 e^− → e^−W3 u → uW3 IW,3 :^1_2 =^1_2 + 0 −^1_2 = −^1_2 + 0^1_2 =^1_2 + 0

• Include el. mag. current j^μ_{em}, charge Q j^μ_{em} = ēLγ^μQ eL + ēRγ^μQ eR =⇒ Introduce Weak Hypercharge Y_W

Q = IW,3 +^1_2 YW j^μ_{em} = j^μ_3 +^1_2 j^μ_Y j^μ_Y = 2(j^μ_{em} − j^μ_3 ) = −2ēRγ^μeR − ēLγ^μeL − ν̄Lγ^μνL Franz Muheim Particle Physics 4 4. 3. 2004

Electroweak Mixing

• Weak isospin and hypercharge quantum numbers lepton IW IW,3 Q YW quark IW IW,3 Q YW νL 12 12 0 −1 uL 12 12 23 13 eL 12 − 12 −1 −1 dL 12 − 12 − 13 13 uR 0 0 23 43 eR 0 0 −1 −2 dR 0 0 − 13 − 23

• Unification of electromagnetic and weak forces

(Glashow 1961) Local U(1)_Y gauge invariance requires gauge field B(x) ⊥ W^μ_3 −iej^μ_{em}Aμ QED −igwJ^μ_i Wi,μ − i g^′_w 2 J^μ_Y Bμ Electroweak

• Is the W_3 the Z^0 ? (m_W ≠ m_Z <> 0)

Is it the γ?

• Z^0 and γ have same quantum numbers Z^0 and γ are linear combinations of W_3 and B

A^μ = cos θW B^μ + sin θW W^μ_3 Z^μ = − sin θW B^μ + cos θW W^μ_3 Weak mixing or Weinberg angle θ_W from experiment sin^2 θ_W = 0.23124 ± 0.00024

Franz Muheim Particle Physics 4 4. 3. 2004

Neutral Weak Currents

• Unified neutral current interaction −igwJ^μ_3 W3,μ − i g^′_w 2 J^μ_Y Bμ = −i ( gw sin θW J^μ_3 + g^′_w 2 cos θW J^μ_Y ) Aμ −i ( gw cos θW J^μ_3 − g^′_w 2 sin θW J^μ_Y ) Zμ • Weak and el. mag. coupling constants must be

identical up to mixing angle gw sin θW = g^′_w cos θW sin θW = e

• Neutral weak current interaction = −i gw cos θW j^μ_{NC} Zμ j^μ_{NC} = J^μ_3 − sin^2 θW J^μ_{em}

• Z^0 couples also to right-handed fermions

Feynman rule for Z^0 vertex −i g^′_w 2 γ^μ(cV − cAγ^5) • Vector and axial vector coupling constants cV = gL + gR gL = IW,3 − Q sin^2 θW cA = gL − gR gR = Q sin^2 θW

Franz Muheim Particle Physics 4 4. 3. 2004

Standard Model

• Standard Model of electroweak interactions

Lagrangian is invariant under symmetries SU(2) ⊗ U(1) • Why are the W and Z boson massive? • Higgs mechanism and spontaneous symmetry

breaking (SSB) =⇒ Particles acquire mass

• Gauge boson masses MW = √ √ 2e^2 8GF sin^2 θW

= 80.4 GeV MZ = MW cos θW ≈ 91.2 GeV

Lepton and quark masses not predicted

• Only SSB gauge theories renormalisable

(t’Hooft and Veltmann)

• 1974: Neutral currents discovered

1983: W^± and Z^0 boson observed LEP: Preciscion tests of electroweak model

Franz Muheim Particle Physics 4 4. 3. 2004

W^± Boson Decay

• Matrix element for W^− → e^−ν̄_e −iM = −i gw √ 2 ē^1_2 γ^μ(1 − γ^5)ν = −i gw √ 2 ēLγ^μνL

• V-A interaction, only one W helicity state

contributes in limit m_e = 0 For unpolarised W ’s M = gwMW ⟨| M |^2⟩ =^1_3 g^2_wM^2_W

Γ(W^− → e^−ν̄e) = g^2_wMW 48π = GF M^3_W √ 2 6π

= 230 GeV

• Other possible W decay widths

in units of Γ(W^− → e^−ν̄_e) Γ(W − → e−ν̄e) = 1 Γ(W − → ūd) = 3|Vud|2 Γ(W − → c̄d) = 3|Vcd|2 Γ(W − → μ−ν̄μ) = 1 Γ(W − → ūs) = 3|Vus|2 Γ(W − → c̄s) = 3|Vcs|2 Γ(W − → τ−ν̄τ ) = 1 Γ(W − → ūb) = 3|Vub|2 Γ(W − → c̄b) = 3|Vcb|2 • Total W Decay width

Γ(W^− → anything) = 9Γ(W^− → e^−ν̄_e) =

9g^2_wM_W 48π = 2.07 GeV

Experiment: Γ_W = 2.07 ± 0.05 GeV

Franz Muheim Particle Physics 4 4. 3. 2004

Z^0 Boson Decay

• Z^0 → ff̄ couplings, not purely left-handed −i g^′_w 2 γ^μ(cV − cAγ^5) = − i gw 2 cos θW γ^μ(cV − cAγ^5) Fermion c_V c_A νe, νμ, ντ^1_2^1_2 e^−, μ^−, τ^− −^1_2 + 2 sin^2 θW ≈ −0.04 −^1_2 u, c, t^1_2 −^4_3 sin^2 θW ≈ +0.019^1_2 d, s, b −^1_2 +^2_3 sin^2 θW ≈ −0.35 −^1_2

• Decay rates for unpolarised Z^0 → ff̄

Γ(Z^0 → ff̄) = g^{′2}_w MZ 48π (c^2_V + c^2_A)

Branching ratios Z^0 → ff̄ determined by c^2_V + c^2_A

• Invisible Z^0 → νν̄ width

Γ(Z^0 → νν̄) = g^{′2}_w MZ 96π = g^2_wmZ cos^2 θW 96π = GF MZ M^2_W √ 2 12π cos^2 θW = GF M^3_Z √ 2 12π

= 0.159 GeV

• Total Z^0 Decay width, experiment:

Γ_W = 2.4952 ± 0.0026 GeV

Franz Muheim Particle Physics 4 4. 3. 2004