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Abstract

These are the lecture notes to accompany the Physical Mathematics lecture course.
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Chapter 1

Introduction

1.1 Organisation

Online notes & tutorial sheets

www.ph.ed.ac.uk/ paboyle/

1.1.1 Books

There are many books covering the special functions material in this course. Good ones
include:

e “Mathematical Methods for Physics and Engineering”, K.F. Riley, M.P. Hobson and
S.J. Bence (Cambridge University Press)

e “Mathematical Methods in the Physical Sciences”, M.L. Boas (Wiley)

e “Mathematical Methods for Physicists”, G. Arfken (Academic Press)

These, and plenty more besides, are available for free in the JCMB library.

1.1.2 On the web

There are some useful websites for quick reference, including;:

e http://mathworld.wolfram.com,
e http://en.wikipedia.org,
e http://planetmath.org.

e Numerical Recipes: http://apps.nrbook.com/c/index.html.


http://www.lib.ed.ac.uk/
http://mathworld.wolfram.com
http://en.wikipedia.org
http://planetmath.org
http://apps.nrbook.com/c/index.html
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1.1.3 Workshops

Workshops run from week 2 through week 11.
There are two sessions:

e Tuesday 11:10-12:00 (room 1206C JCMB)

e Tuesday 14:00-15:50 (room 3217 JCMB)

1.1.4 Feedback

In week 8, I will hand out a 60 minute mock exam, and example solutions.

Anyone who wishes to have their script marked for feedback can hand this in. The mark will
not contribute to your course mark, but serves as useful practice and diagnostic.

1.1.5 Structure

This brief introduction is Chapter 1. The rest of the course is composed of two parts.

Chapter 2 covers techniques for the solution of the partial differential equations (PDE’s) of
physics.

Chapter 3 covers probability, statistics and the fitting of data.

The structure of the course is different compared to previous years, due to the reorganisation
of MFP in the second year.

e We retain the material on special functions and PDEs in curvilinear coordinate systems.
o We add material on probability and statistics.
You will note however from past papers that previous years contained substantial emphasis

on Fourier series and Fourier transforms, topics which it is now expected that you already
know and are skilled in using.



Chapter 2

Special functions
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2.1 PDE’s and physics

Physics involves the description of behaviour of the universe with partial differential equa-
tions. The main PDEs in physics are:

Poisson equation (electrostatics) Laplace equation
Wave equation Schrodinger equation
Navier-Stokes equations Maxwell’s equations

Some common ones are summarised in the following table.

H Name Equation \ Physical context H

Poisson V2¢(r) = — 2" Electrostatics:
€0
¢(r) = potential;
p(r) = charge density.

Wave VZu(r,t) = L Zu(r,t) All areas:

v = wave speed;

u(r,t) = ‘displacement’
from equilibrium.

Laplace Vip(r) =0 Special cases of above.

Schrodinger (—%Vz + U(’r)) Y(r) = EY(r) | Quantum mechanics:

Y (r) = wave function.

Solving these equations for two and three dimensional problems can be challenging, and the
first half of this course addresses techniques for the solution of PDEs in common situations.

This general approach involves several concepts which we will cover in more detail later.

1.

Differential operators
Gradient, Divergence and Curl are the building blocks for three dimensional equations.

. Separation of variables

the problem can be simplified to independent one dimensional ODE’s by seeking solu-
tions of a particular form.

Solution of the separated ODEs
Recognising solution (e.g. wave equation)
Substitute a power series (Method of Froebenius)

Reconstruct general solution

The orthogonality and completeness of the solutions of an ODE allow us to write any
solution as a linear combination of the normal mode solutions.

It is this property that allows us to represent general functions by Fourier series.
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We shall see that the normal strategy for dealing with several dimensions in analytical
calculation is to duck the issue, and reduce it to one dimensional problems. This works for
symmetrical problems if we choose coordinate systems that possess the same symmetries.

For non-symmetrical situations, one often resorts to using numerical approaches. For ex-
ample, computational fluid dynamics is used to optimise the shapes of complex objects like
aeroplanes and cars.
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2.2 The wave equation

We can describe the transverse displacement of a stretched string using a function u(z, 1)
which tells us how far the infinitesimal element of string at (longitudinal) position = has
been (transversely) displaced at time ¢. The function u(x,t) satisfies a partial differential
equation (PDE) known as the wave equation:

2 2
8u:18u (2.1)

a2 2 o

where ¢ is a constant,and has units of length over time (i.e. of velocity) and is, in fact, the
speed of propagation of travelling waves on the string.

In the absence of boundaries, the general solution can be seen by noting:
62u_182u_ 9 190 6+18
ox?2 2otz \Oxr cot oz " cot)"

_ (9 19\ (o 10
N or cot or cOt Y

u(z,t) = f(x —ct) + g(x + ct)

This is solved by

where f and g are arbitrary functions of a single variable. This represents the superposition
of arbitrary left and right propagating waves.

2.2.1 Separation of variables

Our equation of motion in Eqn. (2.1)) is perhaps the simplest second order partial differential
equation (PDE) imaginable — it doesn’t contain any mixed derivatives (e.g. %). We call
such a differential equation a separable one, or say that it is of separable form.

We can seek particular solutions in which variations with space and time are independent.

Such standing waves are of the seperable form:

u(w,t) = X(2) T(t) .

This really is a restriction of the class of possible solutions and there are certainly solutions
to the wave equation that are not of separated form (e.g. travelling waves as above).

However, we shall see all solutions of the wave equation (separated form or not) can be
written as a linear combination of solutions of separated form, so this restriction is not a
problem.

Differentiating, we get

ou dX 0%u
_:_TEX/T —:X”T
or dzx = 0x?

. 2 ..
Ou =X ar =XT = al =XT
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Substituting this into the PDE:

1 .
XN@)T(t) = X (2)T(1) ,
Thus,
X(z)" 1 T(t)
X(z)  c T(t)
Now 5 5
—LHS = —RHS =0
ot ox
Hence both LHS and RHS must be equal to the same constant and we may write
X" 17T )
X -er- ¢ W)

where —k? is called the separation constant.

Now we have separated our PDE in two variables into two simple second order ordinary
differential equations (ODEs) in one variable each:

X
o =X )
d*>T
= el

where the angular frequency wy = ck. This is the interpretation of ¢ for standing waves: it
is the constant of proportionality that links the wavenumber £ to the angular frequency wy,.

Quantum mechanics terminology

These have the form of an eigenvalue problem, where X (x) must be an eigenfunction of the
differential operator Cf—;g with eigenvalue —k*. Similarly T'(¢) must be an eigenfunction of C‘li—;
with eigenvalue —wi = —c*k?.

2.2.2 Solving the ODE’s

We can now solve the two ODEs separately. The solutions to these are familiar from simple
harmonic motion, and we can just write down the solutions:

X(z) =Agsinkx + By cos kx
T(t) =Cy sinwgt + Dy, cos wyt
= u(z,t) = (Agsin kx + By cos kx) (C sin wyt + Dy, cos wyt)
where Ay, By, Ck, and D, are arbitrary constants. The subscript denotes that they can take

different values for different values of k. At this stage there is no restriction on the values of
k: each values provides a separate solution to the ODEs.
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2.2.3 Boundary conditions

The details of a specific physical system may involve the boundary conditions (BCs) solutions
must satisfy. For example, what happens at the ends of the string and what were the initial
conditions.

e The string weight & tension on a guitar determine c.
e The length (& frets) of a guitar determine the boundary conditions.

e The plucking of the guitar determines the initial conditions.

Assume the string is stretched between z = 0 and x = L, then the BCs in this case are that
u(zr =0,t) =u(x =L,t) =0

for all t. Because these BCs hold for all times at specific z, they affect X (z) rather than
T(t). We find

u(0,t) =0 = Bpy=0,
w(L,t)=0 = k,=nr/L, n=20,1,2...
Here, BCs have restricted the allowed values of £ and thus the allowed frequencies of os-

cillation. Different boundary conditions will have different allowed values. Restriction of
eigenvalues by boundary conditions is a very general property in physics:

finite boundaries = discrete (quantised) eigenvalue spectrum = allowable separation constants.

Each n value corresponds to a normal mode of the string:
u(z,t) = Ay sink,z{C), sinw,t + D,, cosw,t}

A normal mode is an excitation of the string that obeys the BCs and oscillates with a single,
normal mode frequency. We sometimes call these ezgenmodes of the system, with associated
eigenfrequencies w, = Wk,, .

Completeness

Just like any vector can be represented as a linear combination of basis vectors, so the general
solution to the wave equation is a linear superposition of (normal) eigenmode solutions:

u(z,t) = Z Ay sin kp,x{C, sinwy,t + D,, cosw,t}

n=1

= Z sin kpx{ E, sinw,t + F,, cosw,t} (2.2)

n=1
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This normal mode decomposition not obvious and the proof is beyond the scope of this
course. We will simply assume this to be true.

In fact, almost any function can be described by such a linear combination of normal modes.

Completeness of the normal modes is general and applies to all “Sturm Liouville” ODE’s

As before w,, = ck,,. We sum only from n = 1 because sin kgz = 0, and we do not need to

include negative n because sin ’Z” = —sin *7*. Constants A,,, Cy, D,, are all unknown, so

we can merge them together to give £, = A, C’ and F,, = A, D,.

We also see that the way we have ensured that «(0,t) = 0 is by making it an odd function
in z: u(—z,t) = —u(z,t) = u(0,t) = 0.

2.2.4 Initial conditions
As we have a second order temporal ODE, we need two sets of initial conditions to solve the

problem. Typically these are the the shape f(x) and velocity profile g(x) of the string at
t=0:

u(z,0) Z F,sink,x

u(z,0) = g(z) = anEn sin k,x
n=1

These conditions determine unique values for each of the E, and F,. Having got these, we
can substitute them back into the general solution to obtain u(z,t) and thus describing the
motion for all times.

Consider the equation for F;,. Let’s choose to calculate one, specific constant out of this set
i.e. F,, for some specific m. To do this, multiply both sides by sin k,,x and integrate over
the whole string (in this case x = 0...L) giving:

/ dz f(z)sinkpr = ZF / dx sink,x sink,,x .
0

Now we note that the sine functions form an orthogonal set:

/L dr sink,z sink,r = 1/L dx [cos(kpx — kpx) — cos(kpx + kpx)]
0 2 Jo
o [lerten s,
2 [w _ sin(l;:j_—il;:mx)}j Cnem
L
= S0

where 0,,, is the Kronecker delta, giving zero for m # n

The orthogonality of normal modes is general and applies to all “Sturm Liouville” ODE’s.
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So:
L o0 L
/ dx f(z)sin k,x :ZF"/ dx sink,x sink,,z
0 p— 0

I oo

L
S
2

using the sifting property. Therefore, after relabelling m — n:

L
2
 Lw,

o (L
F, :—/ dx f(x)sink,x
0

L
E, / dx g(z)sink,x . (2.3)
0

We are given f and g, so as long as we can do the integrals on the RHS, we have determined
all the unknown constants and therefore know the motion for all times.

The solution written as a sum of sine waves is an example of a Fourier series.

A quick example

Suppose the initial conditions are that the string is initially stretched into a sine wave
f(z) = asin(3wx/L) (for some a) and at rest, i.e. g(z) =0.

The latter immediately gives E,, = 0 for all n. The former gives:

9 (L
FE, :—/ dx f(x)sink,x
L Jo
2a Ld . 3mx . nmx 2aXL5
=— T sin — sin — = — X =0,
L J, L L L 2™

using the above relation. So all the F), are zero except F3 = a. So the motion is described
by
3mx 3mct

u(z,t) = asin 7 cos T

The answer is very simple. If the system starts as a pure normal mode of the system, it will
remain as one.
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2.3 Method of Froebenius

A general method that works for more complicated equations can be illustrated by pretending
we do not know the solution to the wave equation.

2.3.1 Bill and Ted’s excellent misadventure

Bill and Ted have brought Pythagoras to the future and lost him in a night club. We now
live in a world without sin and cos. To rectify this we will use the method of Froebenius to
rediscover these precious functions

1. Substitute the infinite series y(z) = > Cha" to the differential equation
n=0
y'+y=0

We end up with two sums.
Z can(n — 1)a" 2 + Z e =0
n=0 n=0

2. Relabel the summation using m = n — 2 on the y” term obtaining

o0

Z Cmao(m +2)(m + 1)z™ + chm" =0

m=—2 n=0

oo
3. Use a notation where C; = 0 for i < 0 to sum the y term over the range »_

n=-—2

[e.e]

Z Cma2(m +2)(m + 1)z™ + Z ™ = Z [emaa(m +2)(m+ 1) + ¢p]z™ =0

m=—2 m=—2 m=—2
4. As this is true for all values of x, each Hence we obtain the indicial equation

Crt2(m+1)(m +2) = —C,,

This relates every other coefficient in a recurrence relation.

5. Deduce that Cj can be non-zero even though C'_5 = 0, and that C; can be non-zero
even though C_; = 0 because

(m+2)(m+1)=0

form =—1,-2

We therefore have two independent series, and two free parameters Cy and C as should
be the case for a 2nd order ODE.
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6. We therefore find the series with
(a) Co=1,C1=0

P v
;( o 21 1321
(b) Co=0,C, =1
e 2n+1 3 5
Sy 2, 2
s (2n 4+ 1)! 3.2 ' 5.4.3.2

Giving these two independent series their names we recognise

_ 1 x? xt
COST = —E—i—m
. 3 b
smx:x—y—l—g...

7. We can now make up the world’s first table of sinusoids by summing the series to high
order!

Towards the end of the 1800’s enormous effort was expended computing special func-
tions by hand to high order in the Taylor expansion, and tabulating the values as a
function of .

In fact, prior to scientific calculators it was common for laboriously computed Tables
of Sines to be handed out in mathematics examinations, even in the 1980’s.
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2.4 Generalised Fourier Series

We often write a solution as a superposition of normal modes, and find that we can define
an inner product so that these normal modes are orthogonal.

In some cases this inner product may need a weight function (e.g. a factor of r for Bessel
functions). We have also used without proof the statement that the normal modes form a
complete set of functions.

It turns out that these common themes are not coincidental, and Sturm-Liouville theory
explains why not. Sturm-Liouville theory was originally developed to describe waves on a
string of variable density, but it applies to a far wider class of physical problems.

Sturm-Liouville (S-L) theory makes predictions for a class of 1-dimensional Ordinary Dif-
ferential Equations, and covers all of those we have so far obtained from separation of our
Partial Differential Equations.

The beauty of S-L theory is that given properties of the differential equation it predicts
properties of the normal modes (like orthogonality and completeness) without even solving
the equation!

It also tells us exactly how to define our inner product (i.e. what weight function to include)
in each case so we get the orthogonality relation needed to calculate coefficients in the normal
mode expansion.

BCs & orthogonality of normal modes

Lets consider a simple case first.

d2

47> with eigenvalues —A; and —Ay, and satisfy

Suppose X; and X, are eigenfunctions of
some BCs at x = a and x = b.

Xl == —)\1X1
XQ = _)\2X2
We define the Wronskian Wis(z) = X1X2 — X1X2, and observe that

%Wu(x) = %(Xng — X1 X5) = X1 Xo — X1 Xy
Thus,

b

/ <X’1X2 . XIX'Z) de — [XIX2 _ XlXQK

= ()\2—/\1)/X1X2d$ (4.1)

. . 1b
Now, for many standard boundary conditions [le(x)]z = [XlXQ — XIXQ] = 0, for exam-

ple: ‘

Dirichlet X;(a) = X;(b) = Xa(a) = X2(b) =0
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Periodic X;(a) = X1(b) ; Xa(a) = X5(b) ; X1(a) = X1(b) ; Xa(a) = X,(b)

Neumann X, (a)

Then we see

b
()\2 — >\1) /XlXQdZL’ =0

So, in these boundary conditions, eigenfunctions with distinct eigenvalues (Ao # ;) are
orthogonal under the scalar (dot) product defined by:

b
X1 'X2 = /XlXQdZL‘

If A\ = Xy, then we are not guaranteed orthogonality, however, if X; and X, are genuinely
different (linearly independent) then the Gramm-Schmidt procedure in section allows us to
construct an orthonormal basis in any case.

2.4.1 Sturm Liouville problems

S-L theory applies to the class of differential equations that can be written in the form

& (PO ) + Q@] 60 = -3 ) 80 (12)

where ¢;(x) is the i-th normal mode solution with separation constant (eigenvalue) A;. The
functions P(x), Q(z) and weight function p(z) are “given” functions specific to the differen-
tial equation.

In this course they are defined by our curvilinear coordinate functions, and from the potential
in quantum mechanics. For example:

Special function — P(z) Q(z) p(x)
Sinusoid 1 0 1
Bessel x —"72 x

Legendre sin 6 0 sin 6
Radial Schrodinger 72 —[I(l+1) + 22V (r) 712

S-L theory addresses problems defined over a region [a, b] for which the following conditions
are met.

1. p(z), P(xz) and Q(z) should be real functions
2. Neither p(x) nor P(z) should change sign in the interval a <z <b

3. The Boundary Conditions at x = a and = = b ensure

do; . dor\]"

b * ] i

.. = , — — . p— 4.

[ 7 ($)]a |:P($) ((bz dI’ (bJ dl‘ ):|a 0 ( 3)
(i.e. [...] evaluated at x = b minus |...] evaluated at © = a) for all combinations of i

and j. This term is called the Wronskian for archaic reasons.)
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If these conditions are satisfied, S-L theory predicts:

The eigenvalues \; are real (and there are an infinite number)

The eigenfunctions { ¢;(z) } are orthogonal: ¢; - ¢; x ¢;;

. The inner product should be defined as f - g = f: dx p(z) f(x)* g(x)

The eigenfunctions form a complete set.
So we can expand a general function f(z) in the interval a < z < b:

oS
60

f@)=>a ¢i(x) =

i

2.4.2 Boundary condition choices

Our choice of spatial BCs is dictated by the physics of the problem that we are studying,
but in most cases they are one of the following set. In each case, these BCs are sufficient to
satisfy Eqn. (4.3)) and allow us to make use of the powerful predictions from S-L theory.

N.B.

. Fixed BCs (a.k.a. Dirichlet BCs):

¢i(r = a) = ¢i(x = b) = 0 for all modes labelled by different 7.
e.g. a drumskin fixed at its edge

Open BCs (a.k.a. Neumann BCs):
do;|  dg;
dx T=a - dzx =b

e.g. no ink flows out of the edge of a water tank i.e. no concentration gradient.

@b (.. do
(¢Z+Cdx> :c:a_ <¢Z+Cdx> z=b

For some real value of ¢. Not so common.

. Mixed BCs:

=0

. Periodic BCs:

do; do;
¢i(x =b) = ¢i(z = a), % L dﬁ

e.g. where z is an angular variable and a = 0, b = 27.

and P(x =a) = P(x = ).

For cases (1)-(3), we can make different choices of BCs et each end and still satisfy the

S-L condition. So we might talk about Fixed-Open or Dirichlet-Neumann BCs, for instance.

The remainder of this section is more mathematical, and proves some of the properties that
we have quoted above. Still, these proofs are a favourite examination question, so you should
make sure you know how to do it.
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2.4.3 Orthogonality

We consider two eigenfunctions ¢; and ¢; of the S-L operator. The S-L equation can be
rearranged into

[di (p< 2 )} 0i(x) = [~Qx) = A pla) ] ¢u(a) (4.4)
[% (p@%)] 05(7) = [~Q(x) = X p(2) ] 6(x)

Counsider the term

Wista) = Pla) (61(0) "5 = g,0) 00

We take the derivative

doo () 40: )
L y() = 61() [P A ) L [y P
it
= 6i(0) 2 (p(@) D) ) Lip <>d¢d; )

Here we can use Eq 4.4] to replace the fragment %[P(m)%im)] with [—Q(z) — Afp(x)]of (z).
Thus,

L) = 61)-QU) — A (x) — 65(0)[- Q) — Np(@)]07 (2)

= (A7 = X))9;(2)¢; (x)p(2)

This derivative is easy to integrate:

b d

W@ = W@, = 0.

and this is zero due to the boundary conditions. We can now determine that

b b
0= [ G Watadde = (0 = &) [ @)yt p(onds
Two cases are useful

1. If i = j then fab p(x)pi(x)pf (x)p(x)dx > 0, and so (A} — A;) = 0.
In other words, ); is real

2. If N # )\ thenfp ¢;(x)pr (z)p(x)dx = 0.
In other words distinct eigenvectors are orthogonalﬂ

The inner product involves the integral using the weight function p(z).

IMore precisely non degenerate eigenvectors are orthogonal and degenerate eigenvectors may be orthog-
onalised
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2.4.4 Completeness of normal modes

Proof of completeness is beyond the scope of this course. However, we can state two theorems
regarding different meanings of “completeness”:

Uniform convergence:

if a function f has continuous first and second derivatives on [a, b] and f satisfies the boundary
conditions then f can be exactly represented by a sum of eigenmodes: it will match at every
point.

That is the mazimum deviation between f(x) and the sum S(z) = ) a,X,, of eigenmodes
n
becomes zero as the number of modes included tends to oco.

max | f(z) — S(z)|*; — 0 (4.5)

z€a,b

Any continuous and differentiable function is faithfully reproduced everywhere by a sum of
eigenmodes.

L, convergence:

b
If the function f(z) has [ |f(x)|*dz finite it can be approximated by a sum S(z) = Y a, X,

a
of eigenmodes in the weaker sense

/ F(2) = S(2)[2dz — 0 (4.6)

(4.6) means that the sum S(x) can deviate from f(z) at certain points, and the maximum
error can remain non-zero. However, not for anything other than an infinitessimal distance
(otherwise it would contribute something to the integral).

Thus the basis is complete it can describe and only differs infinitessimally close to disconti-
nuities and violations of the boundary conditions.

Every bounded function on [a,b] is faithfully reproduced by a sum of modes away from
discontinuities & boundaries
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2.5 First look at Bessel functions

We will take a first serious look at a Sturm Louiville problem with a coordinate dependent
weight function. Sturm Louiville problems were first studied in this context.

2.5.1 Dangling ropes

We will show that Bessel functions are already familiar to youl!

Consider a dangling rope with lower end at y = 0 and anchored at y = H. The rope is free
to oscillate in the z-direction with displacement z = u(y,t), and has a fixed mass density
per unit length p.

The tension at a height y is T'(y) = pgy.

By considering the forces on an infinitesimal segment of width Ay we can show that the
wave equation for the rope is

2 ()5 ) wlont) = gzt

where u(y) is the horizontal displacement of the rope from the vertical.

If we seek separable solutions of the form

u(y,t) =Y (y) F(t),
we can reduce this to two ODEs for y and ¢

2 (102 ) YF) = oy )P

and dividing by Y (y)F(t) we have

1 0 0 1 0
——— (T(y) = | Y (y) = === F(t) = —*
pY (y) Oy ( <y)3y> W=7 (t) 0t 0=~
We solve this t-equation easily:
F(t) = Acoswt + Bsinwt

and we make a change of variables

2=y =2
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J(n,x) Bessel fns

oE—— n=0
- — — =t

................ n=2

Figure 5.1: The first three Bessel functions of integral order.

1
2\/y
d dzd 1 d 14

= dyd "o e
and this reduces the Y-equation to
1d (- .1 dY) 5 N
2V TP — L) V(z) = —w?py
2zdz ( (2)22 dz) (2) WY (z)
where we define Y (z) = Y (y) and T(z) = T(y) = pgz?, and we see that
2Y(2) 4 2Y'(2) + K222V (2) = 0,

dz

where )

R =42

Y
This differential equation is in fact known as Bessels equation (of zeroth order), and the
solution to this equation is the Bessel function Jy(kz). We shall see that the same Bessel

functions arise in circular coordinates

For now we see: a dangling rope swings in the shape of of a Bessel function

2.5.2 Boundary condition

The Bessel function (we shall see later) is oscillatory, but without a fized period The first
few J,, functions are plotted in Fig. [5.1
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J(n=0,alpha(n=0,m)*1/a) Bessel fns

0.5 —

0.25

o
=}

T T T T T I [T LTI T TTTIA
0 0.25% 05 / 075 1.0
-0.25 ' '

Lol

r/f_,l._.-"

—— alpha(n=0,m=1)=2.404
alpha(n=0,m=2)=5.520
.......................... alpha(n=0,m=3)=8.654

Figure 5.2: Rescaling the Jy Bessel functions so that one of the nodes lies at the anchor

As the anchor is held fixed, this quantizes the allowable k; to ensure Jy(k; vVH )=0

The points where Jy(kz) = 0 or in other words the zeroes or roots kz = ag; of the Bessel
function are particularly important.

We find the ¢-th normal mode has k; = \0;%

Thus the normal mode frequencies are

Qp;,

VA

and these rescale the Bessel function argument to align the i-th zero with the fixed anchor

(figure [5.2)).
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U3

Figure 6.1: Orthogonal curvilinear coordinates in three dimensions.

2.6 Curvilinear coordinate systems

We now consider vector calculus in alternate coordinates systems which use some combina-
tion angles and distances.

Specifically we consider orthogonal curvilinear coordinate systems (fig. [6.1]). Such coordinate
systems can be particularly useful when the functions we are considering have symmetries,
such as cylindrical or spherical symmetry.

In plain English these are orthogonal curvilinear coordinate systems systems that have per-
pendicular directions e;, but which rotate in some position dependent way, which we choose
to track some symmetry of the physics.

The directions at each point are selected by the infinitessimal change in @ generated by an
infinitessimal change in each of the curvilinear coordinates.

We must be able to translate the differential equations of physics appropriately. If we label
the curvilinear coordinates (&1, &s,&3) the local axes are given by

ox
— he:
agz 11
Here, h; = g—? is a scale factor with that ensures e; is a unit vector.

It is useful to consider a locally defined cartesian coordinate system

r, =& - €;

2.6.1 Circular (or plane) polar coordinates
Plane polar coordinates (r, ¢) are defined by:
T =Tcoso, y=rsing¢, (6.1)

The radial coordinate r (sometimes written as r) can range from 0 to co. The angular
coordinate ¢ (sometimes written as ¢) ranges from 0 to 2.
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\J

Figure 6.2: Plane polar coordinates.

The local orthonormal basis generated by polar coordinates is:

g_a: = (cos¢,sin¢)
g—z = r(—sing¢,cos )

h, =1

hgy = r

e, = (cos¢,sing)

ey = (—sing,cosg) (6.2)

Exercise Show that this system is orthogonal by verifying that (g—ff) . (g—z) =0

Area integrals

When we change coordinates in an integral, we have to include a scale factor in the integration
variable.

As we increase each coordinate by an infinitesimal amount, we sweep out a small area which
we call dA. Now, as we chose orthogonal curvilinear coordinates we know e, and e, are
perpendicular, and the area is

dA = di,d7,

= h,drhydo
= rdrdo (6.3)
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Az

\J

Figure 6.3: Cylindrical polar coordinates.

Example: area of circle Consider

R 2w R
/dT/Td¢:2W/TdT:WR2
0 0 0

2.6.2 Cylindrical polar coordinates

An simple extension of plane polar coordinates into the third dimension: see Fig. [6.3]

T =T7cos¢, y=rsing, 2=z (6.4)

e radius r € [0, 00|, angle ¢ € [0, 27], and z coordinate z € [—o00, 00].

e Scale factors: h, =1, hy =1, h, = 1.

Example: volume of a cylinder Consider

L R 2n R
/dz/dr/rdqﬁ:QﬂL/rdr:ﬂRQL
0 0 0 0

2.6.3 Spherical polar coordinates

Useful when there is spherical symmetry: see Figure 6.4}

x = rsinf cos ¢, y = rsinfsin ¢, z =rcosb (6.5)
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N 1
0 |
< 1 =y
o e
X
Figure 6.4: Spherical polar coordinates.
e radius r € [0, 00|, angle 6 € [0, 7], angle ¢ € [0, 27].
(Z_w = (sind cos ¢, sin 0 sin ¢, cos 0)
r
0
a—zg = r(cosfcos ¢, cosfsin ¢, —sin )
g—z = r(—sinésin ¢, sin b cos ¢, 0)
h, =1
h@ = T
hg = rsinf (6.6)

Example : volume of sphere

R ™ 27 R T
/ dr/ rd@/ rsinfdy = 27r/ rzdr/ sin 6d6
0 0 0 0 0
3

— o [%r [— cos 6]

= §7TR3 (6.7)

Example : area of sphere

T 21 T
/ RdQ/ Rsinfdp = 27TR2/ sin 0d6
0 0 0

= 2w R*[—cosd|}
= 4nR? (6.8)
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2.6.4 Gradient

In the local coordinate system the gradient operator is

Zi:@:v, Zh agel

Circular polars

Vf = €, + —~€¢

Cylindrical polars
of 10 f of .

V= r
87‘+

Spherical polars
_of 1 8f 1 of
V_8 ety o0 —i_rsurlé’@_gbeq5

2.6.5 Divergence

For the divergence we must be a little bit more careful. The coordinate dependence of the
scale factors themselves must be taken into account.

-nd
Yoo Ly da ¥ A
V=0 Vv

Consider the infinitessimal cube

Flux through (1&) is Fl = U1 h2 dgg hg dgg
Net flux difference between (1a) and (1b) is 2& e 081
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Thus, summing over all pairs of faces

M e [2?3 b+ g0+ g 553}
- e ] 620
Circular polars
V.v= %%(7’%) + lf)_gb
Cylindrical polars
v vzlg(rvr) 1 8v¢—|— 81}
ror agb
Spherical polars
Vo= 7;28_(T2 P+ r811n(9889(8m0v9) rsi1n98a_¢v¢

2.6.6 Laplacian

We can now form the Laplacian as simply the divergence of the gradient, combining the
results of the previous two subsections:

Vif=V.Vf
leading to:
Circular polars Lo L
Vi = aﬁ”ﬁa?sé
Cylindrical polars , ,

Spherical polars

LOf 1 0 of 1
2 —— — ——
V= 7“2 or ( 07“) * r2sin 6 00 <Sm0 80) * r2sin? 0 0¢?’ (6.11)

Note, that there are no mixed second order derivatives and that these equations are seperable.
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2.6.7 Curl

Take i, 5,k a cyclic permutation, and we consider an infinitessimal surface aligned with
curvilinear coordinate axes, and generated by parameter changes 6§, and d¢;

We consider Stoke’s theorem to obtain the k component of curl which is perpendicular to
this surface. The curl is then the line integral of a vector field v around the perimeter divided
by the area.

(V x v) 1 hid&vi(A) + hjog (A + 6&)
F hih;0&0&; \ —hid&vi(A 4 0&; + 0&;) — hjo& (A + 0&;)
1 0 0
i (= 5 .
Circular polars
1 /0 0
Cylindrical polars
1 /0 0
(10 0
~ (0 0
+¢ (gflr - EAZ) (6.16)

Spherical polars
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2.7 Wave equation in circular polars

Equivalently, solving the wave equation for a circular drum

2, 1 9%u

2o
In this section we shall use r for the radial coordinate. As before, we consider solutions
of separated form: u(r, ¢, z,t) = R(r)®(¢)7T'(t). Substitute into wave equation and divide

across by u = RPT'.
10°R 1 OR 1 0°® 1 0°T

Ror " rROr 3052 2T o

First separation: time equation: LHS(r, ¢, z) = RHS(t) = constant

2T dt?

The solutions to this are of the form T'(t) = Gy, coswit + Hy sin wyt with wy = ck.

L1dT _

Second separation: Multiply through by r? and separate again:
LHS(r) = RHS(¢) = a constant.

For the angular dependence:
1 d?® 9

gag ~
The solution is ® = C' cosng + D sinng.

We want the solution to the wave equation to be single valued, so (¢ + 21) = ®(¢), forcing
n to be integer-valued: n =0,+1,42...

The equation describing the radial dependence is the only difficult one to solve:

PR 1dR n?
4 " R+kKR=0.
dr? + rdr r? +

Multiply across by r? and rewrite
R +rR + (K*r* —=n*)R=0. (7.17)

This is known as Bessel’s equation of order n. The solutions are known as Bessel functions.
Being a quadratic ODE, there are two independent solutions called J,,(kr) and Y,,(kr). Note
we have labelled the solutions with integer n.

Method of Froebenius

We can solve Bessel’s equation by substituting a general Laurent series as a trial solution. A
Laurent series is a generalisation of a Taylor series to possibly include negative power terms
(called poles).

We try a solution

R(T) = i Cﬂ“H_m
=0
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where ¢; and m are unknowns. m represents the lowest power of r that occurs in the solution,
and where it arises ¢; = 0 for ¢ < 0 because otherwise m would not represent the lowest
power of 7.

Differentiating we get

R'(r) = Z(z +m)Cyrttmt
i=0
rR'(r) = Z(z +m)Cyrttm
i=0
r*R(r) =) (i +m)(i+m— 1)Cir"*™
i=0

Bessel’s equation becomes a relation between coefficients:

Z(l + m)c’”ﬂi—l-m + (i +m)(i+m— 1)Ciri+m — n2Crttm 4 B2, it
i=0

Since this must be true for all r, then we have the indicial equation
[(i+m)+ (i+m)(i+m—1)—n*] C;+ k*Ci_a =0
The series switches on when C_5 = 0 and Cy # 0. Then,
m°=mn’.

We are interested in the case where m > 0 so that the solutions are finite at » = 0.

Next, we are interested in forming a recurrence relation between coefficients. The above

indicial equation suggests
k’2
Ci=—7—"—-Ci
n? — (i +m)? 2

If we consider the Bessel function Jy(r), we take n = m = 0 and have (up to normalisation)

Co = 1
k?
Cy = —Zk4
Cy = +T1,€66
G = ~I1630

(7.18)

The series is

(kr? (k)0 (k)
4 416  4.16.36
and is purely a function of (kr). As the sign oscillates we have many turning points.

1—
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J(n,x) Bessel fns Y(n,x) Bessel fns

Figure 7.5: The first three Bessel functions of integral order.

J(n=0,alpha(n=0,m)*r/a) Bessel fns Jo(lgf 1,alpha(n=1,m)*r/a) Bessel fns

0.25 05 0.75 1.0

1/a b

—_— alpha(n=0,m=1)=2.404 —_— alpha(n=1,m=1)=3.832
alpha(n=0,m=2)=5.520 alpha(n=1,m=2)=7.016
alpha(n=0,m=3)=8.654 alpha(n=1,m=3)=10.173

Figure 7.6: Rescaling the Jy and J; Bessel functions so that one of the nodes lies at r = a

Roots of Bessel functions

The first few J,, and Y, functions are plotted in Fig. [7.5] The Y, functions diverge at the
origin and so are not suitable for describing oscillations of a drumskin.

The Bessel functions J,(z) have a series of zeros (“nodes” or “roots”) which we label a1,
Qp2, Qn3.

For the function sinnz, the nodes occur at x = a,,,, = mn are equally spaced. For Bessel
functions, however, they are not. The nodes must be found numerically, in practice either
looked up in tables or calculated using packages such as Maple.

Spatial BCs and normal modes

Our solution can be written as
u(r, ¢, t) = J(kr) (Ccosne + Dsinng) (G coswit + H sin wyt)
with w, = ck and currently no restriction on k.

We now apply spatial boundary conditions. Recall periodicity in ¢ quantised n. In the radial
direction we require that the drumskin does not move at the rim:

u(r = a,¢,t) =0 for all ¢ and t.
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We therefore want the edge of the drum to coincide with one of the nodes of the Bessel
function. The m* node of the Bessel function of order n occurs when the argument of the
Bessel function takes value «,,,, and we rescale the Bessel function so that one of these zeros
coincides with r = a.

It doesn’t matter which node we choose to lie at » = a, so we have different normal mode
solutions depending on which m we choose. The allowed values of k are therefore

knm@ = Qpim.-

Quantising k also quantises wy. This is like we fond for the harmonics, but the normal mode
frequencies are here not equally spaced (because the o, are not evenly spaced). This proves
why the drum is not as harmonious as the guitar.

Some examples of rescaling for n = 0 and n = 1 are shown in Fig. |7.6]

Our normal mode solutions are therefore
r
u(r, ¢, t) = J, (anm—> (Crm c0sn@ + Dy sinne) (G, €08 Wit + Hoppy, SN wint)
a

Each normal mode is labelled by n and m and will have different constants so we label them
appropriately. k depends on n and m via au,,, so we also change the label on w.

Zeros and nodal lines

Only Jy is zero at the origin (e.g. Fig. sou=0atr=0foralltifn>0.

Nodal lines are other points on the drumskin that remain stationary for this normal mode:

e We find (m — 1) nodal lines in r: they occur at a,,r/a = Qppy = 7 = @ /O,
for m'=1,2...(m—1). (See Fig. [7.6])

e 2n nodal lines in ¢: occur at intervals §¢ = 7/n for n # 0. N.B. do not need to start
at ¢ = 0.

Some low-lying modes are shown in Fig. [7.7] Note that the wave equation had rotational
symmetry. This does not mean that the solutions have to have rotational symmetry (n =
1,2... do not). It means that if we take normal mode solution and then rotate it, it is still
a solution of the wave equation.

The general solution

The general solution is a linear superposition of all allowed modes:

u(r, ¢, t) = Z Z gy, (anm£> (Crm c0sNd + Doy sSiN ) (G, €08 Wyt + Hopypy 810 Wy t)
n=0 m=1
(7.19)

Each (n,m) term contains two normal modes (cosn¢ and sinng), and there are four un-
known constants. Two unknowns per mode is what we expect for a second order differential
equation.

We will use initial conditions to fix the unknowns, but before that we need to learn a bit more
about the properties of Bessel functions. In particular we need an orthogonality relation.
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m=1 m=2 m=3

n=0 @
+

not
shown

&
ne eh % @

shown

Figure 7.7: Some normal modes for a round drum.

Orthogonality and completeness

We state one orthogonality relation without proof. For given, fixed n

/oa ar Jn <(X"m£) I (a”’£> "= %Q[Jn+1(0‘nm)]25m,z ) (7.20)

th

where J,,(qym) = 0, i.e. @y, is the m™ root of the Bessel function of integral order n.

The extra factor of r compared with Fourier orthogonality arises mathematically because
Bessel’s equation contained first order derivatives in 7.

The extra factor of r compared with Fourier orthogonality arises physically because Bessel’s
equation arose in the radial direction of two dimensional wave equation. It is a wvestigial
circumference factor 2mr, turning a line integral into an area integral that is appropriate for
a 2D orthogonality relation.

The set of Bessel functions {J,(aumz) ; m = 1...00} for fixed n form a complete set, so any
function can be expanded in the interval 0 < r < a as a Bessel (or Fourier-Bessel) series:

f(r) = i ApmJn (Oznm£> : (7.21)

The coefficients are determined using the orthogonality condition in the usual way, as we
shall now see.

Initial conditions for the drumskin

The general solution for the displacement of a circular drumskin of radius a was given in
Eqn. (7.19). Combining constants we have:

f(r,o,t) = E g g, (anmr> (Apm cosng + By sin ng) cos(wpmt + Enm)
a
n=0 m=1
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Typical initial conditions are that the drumskin is initially at rest (implying &, = 0) and
described by given function p(r, ¢):

f(r,o,t=0) = ii/lnm <Oénm >Cosn(b—|—BnmJn (anm
n=0m

=1

r> sinng = p(r,¢) . (7.22)

Given initial conditions p(r, ¢) we can find the coefficients A,,,, and B,,, via our orthogonality
relations. We rewrite the initial condition equation as

S (AW, 6) + Bum @i (1, 0)) = p(r,0) - (7.23)

n=0 m=1

where we have basis functions

U (1, 0) = T (O‘”;”T> cosng,  Bum(r, ) = Jn (

AT

) sinng | (7.24)

a

Define the inner product of two of these basis functions as

S-TE/dAST:/dr /d¢r5(r,¢)T(r,¢),

and we find that {¥,,,, ®,,,} form an orthogonal set:

2

n = 7(1 + 5u0)[Ju(auv)]2 6un 5vm

>1

3
|

uv

uv T En

2

n - [Ju(auv>]2 6un 5vm

(=
B s
3
I
Q O
=)

uv °

:
|
|

We might term such functions the (unnormalised) Circular Harmonics. They are orthogonal,
but not orthonormal. Note that the extra r is just what we get when we transform an area
integral from Cartesian to circular polar coordinates. Note also that the angular orthogo-
nality ensures we only compare Bessel functions of the same order (which is all Eqn. ([7.20)
covered).

We can use this orthogonality to obtain the coefficients from Eqn. (7.22). Applying (V")
or (®,,-) to both sides we get

A = a2w<1+6 s /dr/ 06T W (1, 6) p(r, 0)
Bu = ot /d/ 46 1 D (1. 0) p(r. 0)

We probably have to do these integrals numerically.
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2.8 Wave equation in spherical polar coordinates

We now look at solving problems involving the Laplacian in spherical polar coordinates. The
angular dependence of the solutions will be described by spherical harmonics.
We take the wave equation as a special case:
2, - 10
c? ot?
The Laplacian given by Eqn. (6.11)) can be rewritten as:

Pu  20u 1 0 ou 1 %
U= — + = — — | sinf— —_—— . 8.1
Vi arzfrar 7 sin6 06 (Sm ave) 2 5in? 0 0° (8.1)
radial part angular part
2.8.1 Separating the variables
We consider solutions of separated form
u(r, 0, ¢,t) = R(r) ©(0) ®(¢) T(t) .
Substitute this into the wave equation and divide across by u = ROPT"
1d?R 2dR 1 1 d (. dO© 1 1d*® 11d4*T
——t —— 4+ —————— [ sinf— ===
Rdr? rRdr r?20©sinfdf do r2sin®0 ® dp?> 2T dit?
First separation: r, 0, ¢ versus ¢
LHS(r, 6, ¢) = RHS(t) = constant = —k?.
This gives the T' equation:
1 1d°T
i 2
2T dt? (82)
which is easy to solve.
Second separation: , ¢ versus r
Multiply LHS equation by r? and rearrange:
1 d doe 1 1d*® r*d?R 2rdR
- sinf— | - —— = ——— + —— + k%7 8.3
Osinf db (Sm de) Sn200de? Rd? Rar "7 (8:3)

LHS(6, ¢) = RHS(r) = constant = A

We choose the separation constant to be A. For later convenience, it will turn out that
A =[(I 4+ 1) where [ has to be integer.

Multiplying the RHS equation by R/r? gives the R equation:

d*R  2dR A
22" k2 = 0. 4
dr? ~ rdr * { } h=0 (84)

r2
This can be turned into Bessel’s equation; we’ll do this later.



CHAPTER 2. SPECIAL FUNCTIONS 39

Third separation: 6 versus ¢

Multiply LHS of Eqn. (8.3) by sin?## and rearrange:
inf d d 1 d*®
Slg 70 <sin9—®> + Asin? 0 = ¥ = m?
LHS() = RHS(¢) = constant = —m? .

The RHS equation gives the ¢ equation without rearrangement:

20 )
LI .
i m (8.5)
Multiply the LHS by ©/sin® 6 to get the © equation:
1 d (. dO m?
Snf 40 (Sl“%?) * {A ~ o 9} ©=0. (8.6)

2.8.2 Solving the separated equations

Now we need to solve the ODEs that we got from the original PDE by separating variables.

Solving the T equation

Eqn. (8.2) is of simple harmonic form and solved as before, giving sinusoids as solutions:
d*T

el —k*T = —wiT

with wy, = ck.

Solving the ¢ equation

Eqn. (8.5) is easily solved. Rather than using cos and sin, it is more convenient to use
complex exponentials:

B(g) = ¢
Note that we have to include both positive and negative values of m.

As ¢ is an angular coordinate, we expect our solutions to be single-valued, i.e. unchanged
as we go right round the circle ¢ — ¢ + 2

Qo+ 2m) = (o) = e =1 = m = integer.
This is another example of a BC (periodic in this case) quantising a separation constant.
In principle m can take any integer value between —oo and oo.

It turns out in Quantum Mechanics that

‘ m is the integer magnetic quantum number and —I < m <[

for the z-component of angular momentum. In that context we will see that it is restricted
to the range —l < m < [.
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Solving the © equation

Starting from Eqn. (8.6)), make a change of variables w = cos6:

d _d9d_(d\"d _ 1 d
dw  dw dd \ db d9  sin6 do’
d 1—cos?6 d sin20 d d
1ot o 2750 4 e L
(1 =w) s smg 40 swo a9 Ml
d d 1 d d 1 d d
S Y ) P N B N Ry ing 2| .
a0t T ) G T g de{ S d&] sing do {Sm d@]

which is known as the Associated Legendre Equation. Solutions of the Associated Legendre
Equation are the Associated Legendre Polynomials. Note that the equation depends on m?
and the equation and solutions are the same for +m and —m.

It will turn out that there are smart ways to generate solutions for m # 0 from the solutions
for m = 0 using angular momentum ladder operators (see quantum mechanics of hydrogen
atom). So it would be unnecessarily “heroic” to directly solve this equation for m # 0.

In this course we will only solve this equation for m = 0. ‘

Solving the Legendre equation

For m = 0 we can write the special case as the Legendre Equation:

(1~ 20 4 2) o =o.

We apply the method of Froebenius by taking

o0

O(w) = Z ciw’

i=0
Then .
Z cii(i — 1) (w' ™2 — w') — 2ciw’ 4+ Ae;w' = 0

and rearranging the series to always refer the power w?,

D leia(i +2)(i+1) + (A —i(i — 1) = 2w’ =0
=0

Since this is true for all w, it is true term by term, and the indicial equation is

iy ((1+2)(i+1)) =i (i(i +1) = A)
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Start The series ”switches on” when ¢y x 0 = 0 admits ¢y # 0 and c_5 =0
Also when ¢; x 0 =0 admits ¢; # 0 and ¢_; = 0.

Termination Note, however ¢; o =~ ¢; for large 7. This gives an ill convergent series and for finite
solutions the series must terminate at some value of i, which we call [. Thus,

A=11+1)

for some (quantised) integer value /.

It will turn out in quantum mechanics that [ is the orbital angular momentum quantum number.

Legendre polynomials

We denote the solutions the Legendre polynomials

P(w) = F(cos )

For example: F, starts, and terminates with a single term Cj,.
P, starts, and terminates with a single term Cf.

P starts, with Cy and terminates on Cs.

ete...

The first few are

Po(w> =1
P(w) = w
Pyw) — %(3w2—1)
Piw) = 5(5u® — 3u)

Exercise: use the recurrence relation
o ((+2)(i+1)=¢ (it +1)=1(14+1))

to verify that these are our series solutions of Legendre’s equation.

Orgthogonality

The orthogonality relation is
1 s
/ P (w) Py (w)dw = / P,,(cos0) P, (cos ) sin 0df = N0y,
-1 0

where N,, is a normalisation factor that we do not need here.

In quantum mechanics this is already sufficient to cover S, P, D and F orbitals.
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Associated Legendre polynomials

As mentioned the associated Legendre polynomials can be produced from Legendre polyno-
mials in quantum mechanics using angular momentum ladder operators. Firstly,

P(w) = Pi(w)

Without proof, we can note that it can be shown that if P,(w) satisfies Legendre’s equation,
then

m|

m mls2 d
Pl| |(’LU) = (1 - ’LU2>| I/de‘m‘

will satisfy the associated Legendre polynomial for magnetic quantum number m.

By(w)

As P, is a polynomial of order [, then the above m-th derivative vanishes for |m| > [ and
thusm=—-I,—-l+1,...,0,...1—1,1.

General angular solution

Putting aside the radial part for the moment, the rest of the general solution is:

00 l
0(0)P(p)T'(t) = Z Z P™(cos ) €™ (B, cos wit + Fy sin wyt)

=0 m=—1

The angular dependence is given by the combination:
P (cos 0) €7 o Y},(6, 6)

These are known as the spherical harmonics (once we include a normalisation constant).
We'll discuss these more in Sec. [2.8.3] What we have not yet established is the link between
the value of £ (and hence wy) and the values of m and [. To do this, we would need to solve
the radial equation for various special cases.

2.8.3 The spherical harmonics

Spherical harmonics {Y;™(0,¢)} provide a complete, orthonormal basis for expanding the
angular dependence of a function. They crop up a lot in physics because they are the
normal mode solutions to the angular part of the Laplacian. They are defined as:

[ —m)!

n(6.0) = \/ e A cos )

The extra factor of (—1)™ introduced is just a convention and does not affect the orthonor-
mality of the functions.

The spherical harmonics satisfy an orthogonality relation:

27 T
/ do / do sin@ [Y;™(0,6)]" Y0, 0) = O 1yGums.ms -
0 0

Note that they are orthonormal, not just orthogonal, as the constant multiplying the product
of Kronecker deltas is unity.
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Completeness and the Laplace expansion

The completeness property means that any function f(6, ¢) evaluated over the surface of the
unit sphere can be expanded in the double series known as the Laplace series:

S am= Oﬂde / "o sinf (Y76, £(6.6)

Note that the sum over m only runs from —I to [, because the associated Laplace polynomials
P/™ are zero outside this range.
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2.8.4 Time independent Schroedinger equation in central poten-
tial

Consider )
h N .
—5 - V(@) + V(re(z) = B ().

We consider solutions of separated form: ¢ (r, 8, ¢) = R(r)O(8)P(¢). Substitute into Schroedinger
equation and divide across by ¥ = ROP.

2m 119 ,0 1 1 9 0 1 1 &

E 2 nf—0+ -——————

Y + ® 12 sin? O O¢?

?(V(T)_ >_R7‘23TT o OrZsn000"
Multiplying through by r?
10 ,0 1 1 0 0 1 1 02
2 —F)— ——r’—R=— o7 SIn0—-0 + ——————
rar V=B = oo = 506 56 T anze a2

First separation: radial & angular dependence

LHS(r) = RHS(0, ¢) = constant = —I(Il + 1).
Radial equation

0 ,0 0 2m B

The differential equation is simplified by a substitution,
u(r) = rR(r)
u'(r) = R(r)+rR(r)
u'(r) = 2R'(r)+rR"(r)= pw —R
and so
&y | om
dr? r2 2

(V(r) = E)|u(r) =0

We take a Coulomb potential and will be considering bound states, with £ < 0. It is
convenient to rewrite in terms of the modulus |F| and introduce explicit negative sign. We

also change variables to p = ~ S?Elr
V)= = =t
dmegr dmeghp

and so multiplying by % and expressing in terms of u

Sm|E| [ 4> 1(I+1)] 2m e /8ml|E)|
2 o5 T + =7 |E] - 2
h dp? p? h dmeop h

}MMZO

_ e m_ mc2 e 1
We define A = Tmeohi\/ 3B = XA/ 31ED where o = Trofie = 137 18 the fine structure constant.

This gives us

[d2 1 l(l+1>+i}u(p)=0

> 4 2 p
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Solution by method of Froebenius

We are now (almost!) ready to apply the method of Froebenius. In principle it could
immediately be applied and we would get a an infinite Taylor series that indeed solves the
equation.

However, a closed form solution can be obtained with one extra transformation that removes
an over all exponential dependence on p. Observe that this equation for large p tends to

[

which has as a normalisable solution u(p) — e~ 2 (and in addition a non-normalisable solution
u(p) — et% which we ignore).

We can do rather better by taking a trial solution:

Then,
i =t |10~ 510
o =10 - 10+ 1)
Now,
d? d 1 (+1 A
RS ot B FCRL

We now apply the method of Froebenius for a series substituting f(p) = > ¢;p",

Z ci(i) (i —D)p % —c;(D)p™ =114+ Desp™™ + Aeip™!
1=0

Thus, reexpressing so that all terms are of equal power p'~1

o0

D i+ 1)@)p ™ = (D)™ =11+ e ™ + Aeip™
i=—1

and we have the indicial equation,

Series start: The series “switches on” for ¢, = ¢;41 when i(i + 1) = (k— D)k =1(l + 1).

The first term ¢ has k =1+ 1.
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Series termination: If the series does not terminate, then ¢;;; — %, and f — ’Z’—,l This
looks like the other solution that is a non-normalisable exponential u(p) ~ e*% which we do
not seek.

Only if A = ¢ = n then the series "switches oft” after n — [ terms.

. i— A
TG ) =11+ 1)

We call n the principal quantum number. Note that for any given [, then n > [ + 1 as the
series commences at k = [ 4+ 1. The energy is

mc?
« =n
2|E

o’*me
Fl =
2] 2n2

This energy is consistent with the Hydrogen spectrum (Lymann, Balmer series etc...).

Thus

Wavefunctions

We denote the radial solution for L = [, and principle quantum number n > [+ 1 as R,;.

Using our recurrence relation

. 1—n
TG ) =11+ 1)

we have
n=1,l=0|n=2,1=0|n=21=1
Co 0 0 0
C1 1 1 0
Co 0 —% 1
C3 0 0 0

The above energy relation gives us that for each n

VEmIE] (8.7)

h
2 amc
2r
= —— 8.9
na (8.9)

where qg = %3 is the usual Bohr radius.

The solutions are then
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1
Ris o« —e %p (8.10)
p
= 7% (8.11)
= ¢ w (8.12)
R Lot L7 (8.13)
25 X pe P 2p .
_» 1
= e2<1—§p (8.14)
__r 1r
= ¢ 0 (1-=— 8.15
e (1-37) (5.15)
1 .,
Rop ox —e 2p (8.16)
p
= 5 (8.17)
= ¢ 8.18
e (8.18)

Note, we have not carefully normalised these radial wavefunctions. For each [ the different
wavefunctions for the various n > [ are orthogonal to each other. The orthogonality relation
contains a residual r? factor corresponding to a vestige of the required orthogonality of
wavefunctions under the 3d volume integral.

/ Rnl(T)le(T)T‘ZdT = N,,N,,,0nm
0

A complete orthonormal set can of course be formed as usual but is beyond the scope of the
course.
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2.9 Ladder operators

There is a general theory behind factorising Sturm-Liouville equations that gives rise to
ladder operators that allow to relate solutions of different eigenvalues.

For simplicity, we will just consider some specific examples to illustrate the approach (for
more detail see e.g. Chapter 9 of “Mathematical methods in science and engineering”, S.
Bayin).

Consider Bessel’s equation

We can introduce ladder operators (by operator I mean a term, or fragment of an equation,

containg derivatives)
d n
= (-
+ <dx x)

d n
L" = —+—
- (dx v :v)

these allow to factorise B,, because

B—d_2+li _n_2

" dx?  xdx 2

(L) (L)
dx T de x

=L +1

(-2 ()
dx T dr x

=L +1

Now, suppose we have a solution J,(z), such that B, J,(z) = 0.

Consider
F(x) = L" Ju(x)

Then,

Buy1 F(z) = (LP L™ + 1) L o ()
= L% (L"'LY + 1) Jy(2)
= L B, J,(x)
=0

Thus, F(x) is a solution of Bessels equation for a different value of n, and

Juir(z) = LT, (x)
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Similarly

Jn_1(z) = L" J,(x)

and given Jy(x), which we already found, we can find all other J, by applying L7 the
appropriate number of times.
Jo(z) = L1 LY Jo(x)

Similar ladder operators can be found to raise and lower

e Solutions to the harmonic oscillator
e the m quantum number in spherical harmonics
e the [ quantum number in spherical harmonics

e the n quantum number in the radial hydrogen atom

The first two of these are very well known.

These can be thought of as applying differential operators that turn a normal mode solution
for one separation constant (eigenvalue of S-L. problem), into a different normal with a
modified separation constant.

See tutorial question on Hermite Polynomials
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3.1 Probability distributions

In this part of the course we will consider the analysis and fitting of data. This requires a
foundation in the study of probability and statistics. We shall see that Gaussian distributions
play a particular role in this study.

3.1.1 Random variables

A random wvariable X is a measurent or process that gives you a different result each time.
The results are distributed randomly according to a probability density Px.

Px(x)dx

is the probability that any measurement of variable X will have a value between x and x+dzx.

As all measurements return a value between —oo and oo we have

o0

/ Py(z)dz = 1

—00
The average, or mean, value is the first moment of this distribution

o0

X / Py (z)dx

—00

The variance is the mean squared deviation from the mean

Var(X) = /(I — X)?Px(v)dx

—00

3.1.2 Zero mean, unit variance

Any random variable X can be brought into convenient zero mean, unit variance form by
considering in its place the scaled and shifted variable

X' =b(X —a)

_ Y _ 1 / . .
where a = X, and b = NPT Then X’ has zero mean, and unit variance.

3.1.3 Independent random variables

Two random variables are independent if the value obtained from one does not affect the
value obtained from another.
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For example, when tossing coins, even if you have already obtained five heads in a row. you
are equally likely to obtain heads or tails on the sixth try. If you collect statistics on the
number of heads, each attempt is independent.

In contrast, if you are drawing cards from a single deck these are not independent as once
the Ace of Spades is drawn, all players are very unlikely to receive another (unless you are
in an establishment of particularly ill-repute).

3.1.4 Adding random variables

We consider adding two independent random variables X and Y together. This is a key
to understanding the process of averaging results. Because the variables (measurements)
are independent, we can consider measuring one first without affecting the distribution of
the other. The probability distribution of the sum s, is just the convolution of the two
probability distributions.

o0

Pxiy(s4y) = / Px(2) Py (s3y — x)dx

—00

This can be seen by noting that the probability for variable X to give a result in band
x — x+dx is Px(z)dz. The probability density in the sum s,, = x +y that variable Y then
gives a value between value y = s,, — x and y = s,y — & + ds is Py (Szy — 7).

This can be repeated, adding a third random variable gives

PX+Y+Z<Smyz) = / / PX<:E)PY(Swy - I>PZ(3xyz - Sxy)da;dswy

—00 —00

and so on.

3.1.5 Scaling random variables

If we scale the random variable by a constant C', the probability of having a result between
u = Czx and u + du = Cx + C'dxr must equal the orginal probability between x and x + dx.
Thus
Pox(u)du = Pox(Cx)Cdx = Px(z)dx
so that
1 U

PC)((U) = 5PX(C)

3.1.6 Some examples

Now let’s add something simple like the top function to itself a number of times. It is
well known, and easy to show that performing this operation once produces a triangular
function. Beyond this gets tricky due to the piecewise bounds on integrations. However, we
can continue to make progress using Mathematica to illustrate our point:
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h[x] = PieceWise[ {0,x < -0.5}, {1, -0.5<=x<=0.5}, {0,x>0.5}]
Plot[ h[x] , {x,-3,3}]

Y VI
08}
061
04t

02r-

Plot[ Convolvel hlyl,hlyl,y,x]1]1, {x,-3,3}]
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Plot[ Convolve[Convolve[Convolvel hlyl,hlyl,y,zl,h(z],z,w],h(w],w,x], {x,-3,3}]

Josf \
051
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/ 02f \\
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01r
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A curious thing happens to the distribution of the average. It is looking more and more bell
shaped!
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3.2 (Gaussian distributions

A particularly common form of distribution is the Gaussian, or normal distribution N

1 o2

e 202

L

Py(z) =

2o

The Gaussian curve is also known as the bell-shaped or normal curve.

smaller sigma, — —larger sigma|

Sketch of normalised Gaussians. The intercepts are Py(0) = \/#7

In order to check this probability is indeed normalised we must evaluate a Gaussian integral.
Under a change of variables to & = ﬁ the integrated probability becomes.

(e o] oo

1 -2
/PN(I)dx: — / e " dz
I

— 00 — 00

3.2.1 Gaussian integral

Gaussian integrals occur regularly in physics. We are interested in

]:/ exp —z2dx

—00
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This can be solved via a trick in polar coordinates: observe

I’ = / eXp—dew/ exp —y2dy

= / da:/ dy exp — (2% + y?)

= / dr2mr exp —r?
0

o0
= 7T/ duexp —u
0

oo
= m[—exp—ul,

= 7

Thus,

I:/ exp —z2dx = /7

[e.e]

Thus, we see
oo

/ Py(z)dz = 1

—0o0

3.2.2 Cumulative distribution, and the error function

95

We are often interested in the probability of having a result deviating from its mean by some
amount. The question of “what was the chance of that” is measured by the cumulative
probability to have a result deviating by an amount measured in standard deviations a = £

from its mean and is given by the error function

a 1 r —2?
erf(—) = — [ e2 dx
<\/§) \/27/
X 7
= — e P d7
V2T /
e

where = = \% We generally have to look up this function in tables, or use numerical software

to evaluate.

You will notice, unfortunately, there is a LQ factor between the argument of erf(\%) and
the deviation from the mean a measured in standard deviations. Thus, the probability of

deviating by less than 1o is erf(0.707) ~ 68%.

Deviation less than Percent
lo erf(0.707) 68%
20 erf(1.414) 95%
30 erf(2.12) 99.7%
4o erf(2.83) 99.992%

5o erf(2.12)  99.99993%
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erf(x)

——_———— e, ———

S N

The process of integrating a probability distribution function (PDF), such as the Gaussian,
to find the total probability of having a deviation below the observed deviation is common
and useful to estimate the likelihood of our having observed something.

This integrated version of the probability, as a function of this threshold, is known as the
cumulative distribution function (CDF).

e crf(x) is the CDF corresponding to the Gaussian PDF.
e 1,2, 30 correspond to 68%, 95%, 99.7%
— Enshrined/rote learned as the “68-95-99.7” rule in statistics

e Warning: conventions vary w.r.t. the CDF being integrated from [—a,a] or from
[—OO,G].

Life and death safety margins (30)

Under EU law, rock climbing carabiners are tested to ensure they can withstand a load of
around 21 KN (around 2 tonnes) with a 3 sigma margin.

This means, worryingly that around 3 in every 1000 cannot withstand the 2 tonne rating,
however the ¢ for the distribution is never disclosed to the climbers. Your lecturer very much
hopes that a 50 bound that includes even these weak ones is still more than fit for purpose!

Experimental discovery standards (5 o)

Another example is that standards to which particle physics adheres for particle discovery.
When new particles, such as the Higgs boson, are discovered, it no longer always possible to
simply “spot it” as a particle track because they decay so quickly.

Rather the theoretical prediction for their contributions to decays must be compared to
experimental observation, involving fitting mathematical expressions to data.

The significance of the contribution from a Higgs boson, compared to not having the Higgs
boson is critically important. Particle Physicists hold themselves to a 50 criterion, which
means that there can only be a 0.00007% chance they were simply fooled by luck if or when
they claim LHC has “discovered” the Higgs boson.
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3.2.3 Fourier transform of gaussian

A function f(z) and its Fourier transform F'(k) are related by:

F(k) = % /_OO do f(z) e | 2.1)

1 o .
z) = — dk F(k) e 2.2
@)= o= [ aw P 22)
The FT of the Gaussian is

deN 'Lkm

N
\/ 27r /
/ — ex (_ZL‘_2) eikx
\/ o 2mo P 202

1 K202
= e R — ,
V2 P ( 2 >

i.e. the FT of a Gaussian is another Gaussian (this time as a function of k).

Deriving the FT For notational convenience, let’s write a = #, SO

Py (k) =

dx eXp [ax2 — zkx})

2w0 \/ 27r

Now we can complete the square inside |...]:

ik \* K
—aw2+ik‘x:—(x a—m> 1

_ 1 00 ik 1?
Py (k) = %ekz/‘l“/ dx exp (— |:£L‘ a— m] ) :

We then make a change of variables:

giving

ik
oa

This does not change the limits on the integral, and the scale factor is dz = du/+/a, giving

. 11 e [, e 11 e
PN(k):%ﬁekM/ du e :2\/7_1'0%‘61{:/4. (23>

Finally, we change back from a to o.

u=2x
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3.2.4 Convolution of Gaussians

We can use the convolution theorem to convolve together two Gaussians Py, (x) and Py, (z)
of width o7 and o5 to represent the distribution of the sum using the convolution theorem:

Py, (x) * Py (x) = vVor (\/% /_ Z dk Py, (k) pNz(k)e-ikz>

1 o . 1 kEQG‘% 1 k‘QO‘%
Py () * Py, (z :\/27T—/ dke e 2 ——e”
Nl( ) NQ( ) /_271' . /_277' /_271'
dke_“”—l e_k2(d%2+dg>

W%/Z Nez

Which we can recognise from Eq. as a normalised Gaussian of width o? = 0% + 03.

e This is important - Gaussian distributed random variables remain Gaussian distributed
under addition (also their widths add in quadrature).

e Further, we just saw in a handwaving sense that random variables of other distributions
become more Gaussian-like after addition.

It appears that the Gaussian distribution “attracts” all other distributions under the aver-
gaing process, and we shall see in the next section that this is indeed true.
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3.3 Central limit theorem

The Central Limit Theorem (CLT) is of fundamental importance to almost all experimental
science.

Take X as a zero mean, unit variance random variable with any distribution Px(z).

The random variable for the average of N of these random variables

1
SN:N(X1+X2+XN)

and in the limit of large IV, this is distributed according to

VN
V2T

v, Fon () =

Proof

The key point is that the average of many measurements becomes increasingly dominated
by the lowest frequencies in the probability distribution.

In other words, small wiggles in the probability distribution will cancel and not affect the
average of many measurements; sometimes you get lucky, sometimes unlucky, but on average
small wiggles disappear rapidly.

1. First we represent sum of N independent random variables drawn with probability
Px(z) as a convolution.

Pyx(2") = / dz; . .. / dryn_1Px(11)Px(vg — 21)Px (23 — 22) ... Px (2’ — xn_1)

2. We can apply the convolution theorem N — 1 times obtaining

0o
N

(V2r)N-L / dke=*' (PX(k;)) dk

—00

PN)((JI/) =

51~
3

3. Taking the factor of 5 for the average and applying our scaling rule Section gives

Ps, (1) = N\/%(\/%)N‘l_]o de= N (Px(k)> " ik

e}

— #(m)ml / di e~k <]5X(%/))Ndk’

—0o0

4. In the limit of large N, the lowest frequency terms of ﬁx(%) dominate, and these
correspond to the lowest moments of the distribution.
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We can Taylor expand

Pyl / i p.
N

Z]{J/ /{32 2
_ / [ - +] Py (2)dz

—00

o0

—\/_
1 k’2 2 it

—\/—_ d:L’—i——/:EPX Ydx — / 2PX(a:)da:
1

2N?

/{Z2
= l— =5 +.
\V2or 2N?
where we have used the fact that Px(x) is normalised, zero mean, and unit variance.

5. Inserting this into the full expression for P, (u) we have

1 1w [ o) K21
P — = (y/ N-1/_ -~ N/ 1 —ik'u 1 — — — /
SN (u) \/%( 27T) (\/%) dk'e IN N dk
! , ik oY
27 / dke ( ovw)

k2

6. The final significant step is to note that with b = —J5

< > :irl NLT '

_iN(N—U...(N—rH)bT
N NT r!
r=0
N
bT
=) ]
r=0
— e
Thus,
Ps,, (u / dk' e~ e‘ﬁdk’

which we can recognise from Eq as a normalised Gaussian of width o2 = %

PSN(U) = \/%
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Consequences
This theorem has very important consequences that permeate most of science!

e [f we measure something many times, we can assume the average has a Gaussian
distribution.

e If the original non-Gaussian distribution had unit variance, the variance of the average
o1
1S \/_N

e [f original distribution was not unit variance, the variance of the mean is reduced by

2
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3.4 Analysing data

We now consider how to analyse and/or fit experimental (or numerical) data. Each data
point can be measured a number of times, and the mean and the error on the mean can be
computed as follows.

If we take N-measurements {x1,...,zy}, sampled randomly from a (non-Gaussian) proba-
bility distribution Py (z)

The sample mean is

This differs from the true mean

X = / Py (z)dx

but will become equal in the limit of infinite N.

The sample mean is the best estimate of the mean of the non-Gaussian distribution Px one
can make given the finite number of measurements.

3.4.1 Variance

The variance of the sample is

This is a best estimate of the variance of the non-Gaussian distribution Py one can make
given the finite number of measurements.

The (N — 1) arises from an adjustment to prevent underestimating the variance with a finite
sample size. Practically, if the change from N to (N — 1) makes a worrying difference, your
Lecturer recommends you get more data.

3.4.2 Standard deviation

An important question that arises is how incorrect is the sample mean likely to be. For
a finite sample size, this question cannot be answered without knowing the details of the
original distribution Px(x).

However, if we are prepared to assume that we have sufficiently many measurements that
our finite sample yields a good estimate of variance of Px(z), and that the distributions of
averages will approach its asymptotic Gaussian form we can proceed.

The variance of the Gaussian distributed mean will be \/LNU.
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For moderate N it is more conventional to take the standard error of the mean as

(2 — 2)?

=1

td !
sta.err. = —
. NN —1)

3.5 x?/dof and the x? distribution

If you roll a dice many times, you are bound to eventually get lucky or unlucky. If we make
a million measurements we expect to see one in a million probability events.

So, when we make many measurements, we should ask how likely we were to have seen a
certain set of deviations: me must ask if, on the balance of probability, is this consistent
with the errors we have calculated for each data point.

e Suppose we take N-samples {z;} from normally distributed variables of unit variance,
zero mean, each with probability Py (x).

We consider these N-samples as be a single sample from a N-dimensional space.

e The probability distribution for this quantity x? is determined by the normal distri-
butions of the individual variables.

Since the variables are independent, they probability density for the N-samples is just
the product of the individual variables probabilities:

P(zy,...,xy)dxy ... dey = Py(x1) ... Py(xy)dey ... dey

e It is simpler to reduce our measurement of the vector {x1,...zx} to a single number.
To do this, we define the quantity x? to be the sum of the deviations from zero:

=)
e The expectation value of x? is given by
W) = [ ePaldne)
= /(:c% + . 42 Py() .. Py(oy)doy ... doy
= /x%PN(xl)dxl /PN(xg)dx2 . / Py (zn)dzy
+ /PN(xl)dxl /.I%PN(ZEQ)diL‘Q . / Py (xzy)dxy

;/PN(;Ul)dxl/PN(xQ)dxg.../x?VPN(a:N)de

=1+...+1
=N
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where we have made use of the fact that the distribution Py(x) had unit variance, and
unit total probability.

e The average value for x? is N, the number of datapoints.
— A value of x?/N > 1 will indicate non-Gaussian, or significantly underestimated
erTors.

— A value of x?/N < 1 will indicate significantly overestimated errors.

— One does not expect to be either abnormally lucky, or unlucky and having results
that appear so may indicate other problems in data or model.

3.5.1 Some detail on the distribution of y?

We wish to obtain the probability distribution P)ﬁg (x?) of x? for N variables in more detail
than simply its mean value.

We must use theta functions to evaluate the integral of probability to find x? in the spherical
shell corresponding to radius r = y/x? between r = /x? and 7 4+ dr = \/x? + §(x?) in the
N-dimensional space of deviations {x;}.

We need to do this to identify the 68th percentile in the cumulative distribution of x? for
n independent variables (for example). This is critical to estimating the uncertainty in
parameters after a fit.

2
TN

O(XI2 — )00+ 0 — | XP)e 2 ...e” 2 day...dzy

01X 12 —xHOO3 +0(x?) — | X[Pe Tdry ... day

I
— —

Here SN (r) is the surface area of an N-dimensional ball of radius r for general dimensions
(without proof here), this is

Nr¥—1r%
CT(N/2+1)
Recall, T'(z) = (x — 1)I'(z — 1), I(N) = (N — 1)!, and T'(3) = /7. It can be casily verified
for two and three dimensions that this produces formulae we know and love!

S%(r)

Sao(r) = 27r
Ss(r) = 4mr?
Sy(r) = 2r%r?

Note that

and so
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Thus,
v L 03) e NGO
sz(X )5(X)_ (\/§)N2\/)? P(N/Q“f‘l)
(Xz)%_1 3 542
2y’ Y

The prefactors are painful normalisation. However, the change in the power of x? in front
of the exponential as N is varied is much more important as these change the shape of the
x? distribution as a function of N.

2 4 6 8 10

The probability distribution function P)?gf (x?) for x? as a function y? for different numbers
n of random Gaussian variables that are averaged (n = 1,2,3,4).

The cumulative distribution function (CDF)

X
PEPF(N, ?) = /0 PY(Q)dQ

for x? as a function x? for different numbers n of random Gaussian variables that are averaged
(n=1,2,3,4).

Here (this is not proven)

N ¥’
CDF 2
Pa™" (N, X7) = (3 5
where v is the lower imcomplete gamma function

fy(s,a:)=/ t5te tdt
0
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As we expect from our discussion of the mean value of x2, the cumulative distribution grows
roughly linearly in N.

We will be interested in the value of x? that covers 68.3% of fluctuations (or in other words
lo). This means the value of x? for which the cumulative distrubution function has value
0.683. This value is dependent on the number of degrees of freedom.

n | 68th percentile x?
1 1

2 2.3

3 3.5

4 4.7

5) 5.9

We can now meaningfully ask how model parameters could be varied while staying within
this bound on 2.

3.6 Y’ minimisation

The definition of x? can now be generalised to the case where the i-th variable has non-zero
mean and non-unit variance in the obvious way.

2 (i — 7))
I

i 3

All the earlier results remain applicable because the modified variables T = %‘f are normally
distributed with zero mean and unit variance, and our generalised x? is just

= \2
2 (2 — ;) ~2
eep oy
In particular, we still expect that the average generalised x? should still be the number
variables N.

Thus far we assumed that there was some external, given probability distribution. In the
real world, the true distribution will not be known.

3.6.1 Averaging s fitting to a constant
Suppose the data is distributed as a normal distribution around some unknown mean A, but
all the data has the same width o.

1 _(z=4)?
(& 202

Px(l’) =

210

As we do not know A independent of the data, we must ask what is the probability for having
obtained our set of N results z;, for each possible value of A. This probability is just
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1 N _Z(Ii*A)Q
Px(l‘l)Px(l‘g)...Px(fL’N) = e 202

2mo

Gaussian statistics tells us the probability of data having been produced from some “exter-
nally given” model. The maximum likelihood method involves the reasonable approach of
turning this around: use the the Gaussian probability for the data having been produced for
each possible parameter to distinguish which is the right parameter.

Thus, the most likely value for A, is obtained by maximising this probability. This is
. A)2 e e e
achieved by minimising the term in the exponent %, and hence by minimising our y2.

The minimum of x? is found by requiring the derivative wrt A be zero:

d , 1

7

1
Amin = N Zz:xz

and unsurprisingly the most likely value for A is the average of the data.

and so

Further, we can Taylor expand
X*(A)

around the minimum,
2

204) =12+ 1 (L 2) (542

where 6A = A — A, is the difference of A from the value that minimises x?. The first
derivative vanishes at the minimum and we may interpret the second derivative as creating
a Gaussian distribution (with higher order corrections that vanish in the limit of small
variance) because it is a quadratic term. We may therefore use this to interpret the likelihood
as a Gaussian probability for A,

P(4) = Ne 33 (@) oar

where N is some normalisation that absorbs the e Xmin term. Comparing to the standard

Gaussian distribution ) ,
Py(A) = e 202

2ro

we see that when 0 A = 04 the exponential is equal to ez,
That is
11/ )\ , 1
—— | — o= =.
22 \dA2* )74 7 2

2 )\ 2N
X )= 5

and so the usual /N scaling of statistical errors arises

In this particular case,

o =

=%
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The importance of this very predictable result is that it points the way forward for more
complicated situations.

The above argument is more easily remembered and encoded as a simple rule, known as the
Ax? = 1 rule. The error for single parameter is the shift of the parameter from the minimum
of x? that raises x? by one. This variation rule is simple to remember .

3.6.2 Weighted Averages

Suppose we have data distributed as a normal distribution around some unknown mean A,
but where each measured data point has a different width o;.

(z,—A)2
1 67 x201.2

Px. (%) - 2oy

Now, varying A to maximising the probability of the distribution describing our data yields:

d 2 ZL’Z—A

and so,

2
2

This is the (famous) weighted mean for averaging data points with errors.

IE

wgwl L

At the minimum,

d?x? 1
dA2 QZ o?

We take the variance of the weighted average as

If we vary A by an amount o4, then the change in x? is

1 d2X2
A 2:_. 2:
T 9 Az

1

If all the o; are the same, this gives our familiar /N reduction for the error on the mean.

PDG scale factors
When combining results in some way (either weighted average or by fitting) x?/dof is a key
measure of the statistical self-consistency of the analysis.

x?%/dof is much bigger than one there is likely a problem with the error estimates of at least
one of the measurements, because obtaining a large y? should have been unlikely.



CHAPTER 3. STATISTICAL ANALYSIS AND FITTING DATA 69

It is common practice (e.g. the Particle Data Group, or PDG) to conservatively inflate the
error after averaging or fitting by a scale factor

Jscaled — /X2/Ndof0-~

This corresponds to replacing up all input errors with increased errors that would yield a
statistically believable x?/Ny,; = 1.

3.7 General curve fitting

Suppose we have some number N, of experimental inputs (x-values, {z;}) and experimental
results (y-values, {y;}), each of which has a random error, {o;}.

The random variables are now the co-ordinates y;, and the x; are precisely known ordinates.
We seek to fit a model curve y = fry(x)

These which can be plotted on a two dimensional plot, and we have some expected model
function fi,)(z) depending on some set of N, parameters {p;} = {p1,...,pn,}

We expect that, with the “true” parameters,

y = fipy(x)
will be a curve that well describes the data,

Our expected probability distribution depends on the parameters {p}

1 (yz f{p}<z7,))
Py (yi) = e 2

The definition of y? becomes

=3 (y: — f{;;}(%‘i))2

i
and we seek the parameters p that minimise 2.

We must find parameters {p} such that for all j

Of 1 (@n) (Yn — fipy(20))
0= 22 gp] Jg

For general functions this minimisation has to be performed numerically. This is normally
perfromed using the Marquardt-Levenberg algorithm, which itself is an improvement on
steepest descent.

3.7.1 Quality of fit

A fit has some number Ng; = N, — N, of degrees of freedom. For example, if fitting 7 data
points with a 2 parameter function we have dof =5 =7 — 2.
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As discussed above, we expect x? ~ Ny, for any fit after we have determined the most likely
parameters.

For example, a line always fits two data points perfectly and gives zero x? after fitting. It is
only once we have three data points for a two parameter linear fit that we gain any measure
of the statistical consistency of the data.

We are interested in the value of y? after we have found those parameters that minimise 2.
If this x? is too high, we have not been successful in fitting the data with our model.

If x?/Naos is too low, we have unbelievably good fit, and have likely overestimated the errors
on the individual datapoints.

3.7.2 Confidence regions

We can ask how much the fitted parameters are likely to vary.

There is some set of parameters {pyi,} that minimise y?. At this minimum

0

@XQ({pmm}) =0

We define a matrix M;; as the second partial derivative

0? (o} =3 2 {af{p}(xn) Ofpy(zn) O fipy(@n) (o — Sy (20))

M;; = ——* —
T Op; op; X o2 Op; Op; OpiOp;

M;; is symmetric, so for example, Mo = Mp;. In the region of the minimum we define the

parameter shifts
{ﬁ} = {p} - {pmin}
we can Taylor expand x? in the region of the minimum as

- 1. .
X (D) = Xom + §pTMp

The best definition for a region of confidence for our fitted parameters is to select the subset
of possible parameters that represents the most likely 68% of the distribution (for example).

As the maximum likelihood interpretation of y? is as a probability for the parameters, the
boundary of such a confidence region is necessarily a curve, or contour of constant y?. We
take the shift of this contour from the absolute minimum of x? and the region is defined by

- 1
Xinin = X(B) = 5p" Mp < Ay (7.4)

The correct approach is to take Ax? to cover the 68th percentile of the cumulative distribu-
tion
PP (Naot, Ayz) = 0.68

(see table in section [3.5.1]).

It is also fairly common for the A,2 defining the allowed space to be simply taken as the

. A .
approximate value NdXQf =1 (i.e.Ay2 = Nyot).
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e With one parameter there is an allowed band

1
§p%M11 S sz =1

e With two parameters there is an allowed ellipseﬂ

1, . N
§[p%M11 ~+ 2p1paMys + p%Mgg] <Ae=23

General case

With N, parameters we determine an ellipsoid region parameter space. M;; is symmetric

92 9
because 90, = 0,0,
with

Symmetric matrices are diagonalisable, and thus M;; is diagonalisable
My; = VTdiag(Ay, ..., An)V

where V is a unitary matrix representing a change of basis and whose rows contain the N,
eigenvectors e, of M;;, and these are orthogonal to each other.

Example

For example, for N, = 2 parameters, V must have the form
cosf sind
—sinf cosf
In other words, there are rotated parameters

P} = cos 0p; + sin Op,
Py = cos 0Py — sin 0p,

for which the equation x? = 2.3 gives the simple ellipse

MpE 4 Aopl = 24,2

'Recall, general ellipse is ax? + by? + cxy = d
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: - r disteibokion
68% wonbickence Joinf P“m""e'ee ‘

1
e i

8 "/ -
>

OA =
A
o= d2p
A

. . . . . . . 2A
The width of the ellipse (major and minor axes) in the p] and p}, directions are X

A1

24 2 .
b respectively.

We can expand out M

M= cosf) —sinf A O cosf —sinf
~ \ sinf cosf 0 N sinf cosf
cos? A + Apsin? @ sinfcosf(A; — o)
sinfcos@(A; — \y) sin? O\, + cos? O,

and so,
2M 2sinf 0
o 2sinfoost oo,
My — Msy,  cos? 6 — sin” 6
Further,
A1+ Ao = My + Mo
and

M12

M —dyg=—-—"T—
! 7 sinfcosf
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3.7.3 Single parameter errors

Independent standard deviations on correlated fit parameters are somewhat ambiguous as
the parameters do not independently vary.

The rule is that we take the error on the j-th parameter as

It is common to define a covariance matrix
Cij = 2(M™1);;
and the error on the j-th parameter is given by
0]2- = Cj;

Gnuplot will be introduced in the next section. For completeness, Gnuplot prints the corre-
lation matrix
005

COI'I',L‘J' =
In principle this can be used to connect parameter errors o; to the ellipsoid region of the
joint distribution as given above.

Your lecturer does not believe this is often done in practice because it is involved.

3.7.4 Detail on the single parameter error

We must displace one parameter (p; for example) at a time by an amount o, while leaving
the other parameters (ps ... py,) free to take whatever minimises x*({p}.

The error is defined from the 68th percentile of this single degree of freedom x? distributionf]
That is we find the value of p; leading to dx* = 1 (subject to allowing the other parameters
to float to a minimum of x?).

Pictorially this means we displace p; as far as we can while satisfying A,2 = 1, and select
the vertical tangent to the A 2 = 1 contour

2 Note that if we were to consider the parameter errors in the diagonalised basis p; fluctuations would
combine in the usual way of a x? distribution of two degrees of freedom so that single parameter error
estimates with Ax? = 1 are consistent with joint two parameter fluctuations at Ayx? = 2.3.
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Qz f\gfe param e,(ie r errrer

Mathematically, we must minimise

X 1.
X2(P) = X + §pTMp

Subject to the constraint that p; = o;.

Constrained minimisation: Lagrange multipliers

We introduce a general method for constrained minimisation called the method of Lagrange
multipliers. This is generally useful, and not specific to this context.

To minimise x*(p) over the surface of py = oy by varying p;...py, we require that the
components for V,x*(p) parallel to the surface be zero (otherwise, we can reduce x* by
moving within the surface).

The normal to this surface is (in our case) 7 = (1,0,...,0). [

This means that at the minimum Vy? must be parallel to the normal and so they are

3for a general surface f(p) = C, the normal is parallel to V f
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proportional with an unknown constant of proportionality A

A

0
Vox*(p) = Myjp; = Aiv =

0
Where A is an unknown constant called a Lagrange multiplier. Thus,
pj =AM

g1

Now, we chose our surface to have p; = AM;;' = o1, and so A = AT
11

We will then define the value of o by requiring that x? hold the value x?(p) = 1, in order
that we obtain the 68th percentile for a single variable x? distribution. This means that

1

Ap=1= §~TM15

1 o?

=L MMM
2 (M1_11)2 15 JE 1

1
= —71 O‘%
and generalising to any parameter p;
Ug2‘ = Q(M_I)J]

3.8 gnuplot

The common Linux package gnuplot includes an implementation of the Marquardt-Levenberg
algorithm and can plot and fit any function you care to type in.

This is quite useful to demonstrate the topics discussed in this chapter.

First we must prepare our experimental data in a form that gnuplot can read.

1. Use a text editor (emacs or similar) to prepare a file “experiment.dat” containing z, y
o, columns

# x y dy

11.01 0.01
2 3.98 0.02
3 9.02 0.03

2. start gnuplot in the same directory as the file
bash$ gnuplot

3. First simply plot the data file. For example:
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gnuplot> plot ’experiment.dat’ using 1:2:3 with yerrorbars
gnuplot> set xrange [0:4]
gnuplot> set yrange [0:10]
gnuplot> replot
4. We can define a fit function as follows
gnuplot> y(x) = A * x*x
gnuplot> A=0.5
gnuplot> replot y(x)
5. We can tell gnuplot to perform a fit as follows:
gnuplot> fit y(x) ’experiment.dat’ using 1:2:3 via A
6. We can replot with the fit results
gnuplot> replot
7. We can save the fit to a postscript file with
gnuplot> set terminal postscript landscape color

gnuplot> set output ’experiment.ps’
gnuplot> replot

8. We can look at the fitted parameters. Gnuplot prints

After 4 iterations the fit converged.
final sum of squares of residuals : 2.37302
rel. change during last iteration : -1.13084e-11

degrees of freedom (ndf) : 2
rms of residuals (stdfit) = sqrt(WSSR/ndf) : 1.08927
variance of residuals (reduced chisquare) = WSSR/ndf : 1.18651

Final set of parameters Asymptotic Standard Error
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A = 1.00071 +/- 0.002911 (0.2909%)

correlation matrix of the fit parameters:

A
A 1.000

This means it obtained A = 1.00071 with 04 = 0.0029 (in otherwords A = 1.001(3)).

3.9 Multi-parameter fits

It is always a good idea to test statistical fitting code with fake data. Here is a simple
C++ programme for generating fake data

#include <stdio.h>

#include <gsl/gsl_rng.h>
#include <gsl/gsl_randist.h>
#include <math.h>

using namespace std;

#define Np (2)

double f(double *params, double x);

double f(double *params, double x)

{
double y = params[0]+x*params[1];
return y,

}

int main(int argc,char **argv)

{
double g ;

gsl_rng * rng = gsl_rng_alloc(gsl_rng_taus);

{0.1,0.2%};
{4, 6};

double param_sigma [Np]
double param_mean [Np]

double params[Np];
for(int d=0;d<1000;d++){

double x = d*0.1;
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for(int p=0;p<Np;p++) {
params[p] = param_mean[p]+gsl_ran_gaussian( rng,param_sigmal[p]);

}
double y=f (params,x);

double sigmasq=0.0;
double sigma;
for(int p=0;p<Np;p++){
double yO;
double y1;
for(int pp=0;pp<Np;pp++){
params [pp] = param_mean[p];
+
yO=f (params,x) ;

params [p] = param_mean[p]+param_sigmal[p];
y1=f (params,x) ;
sigmasq+=(y1-y0)*(y1-y0);

}

sigma=sqrt(sigmasq) ;

printf("%le %le %le\n",x,y,sigma);

}
+

This can be compiled and run to produce a data file 'fake.dat’

gt++ fake_data.C -o fake_data -1lgsl -lgslcblas
./fake_data > fake.dat

We can fit this in gnuplot as follows:

f (x)=a+b*x
fit f(x) ’fake.dat’ u 1:2:3 via a , b

Gnuplot prints

Final set of parameters Asymptotic Standard Error
a = 3.99426 +/- 0.03571 (0.894%)
b = 5.99001 +/- 0.006545 (0.1093%)

correlation matrix of the fit parameters:
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a b
a 1.000
b -0.291 1.000

The fit can be plotted

plot ’fake.dat’ u 1:2:3 w e, f(x)

and a postscript graph saved for inclusion in reports or lecture notes:

set terminal postscript landscape color
set output ’fake.ps’
replot

3.9.1 Correlation matrix

Recall, we previously defined the parameter covariance matrix

Cyj =2(M™)y

where
T ({puin})
Mij = 7——X"({Pmin
’ OpiOp;
Gnuplot plots the corresponding correlation matrix:
Ci;
Corrij =

If the off diagonal elements of this become close to 1 or -1 we might worry that the
parameter confidence region will have a complex shape.

3.9.2 How do I convince myself the error is right?

Well, there are 1000 data points.

Note that our fake data has an error (0.2)from the slope parameter that grows linearly
in z. All datapoints except for the very small X datapoints do not particularly constrain
the constant, but do constrain the slope.

This slope, with error of 0.2 is estimated roughly 1000 times with independent random

. . . . 02 .
.sel.ectlons from the distribution. The error on the mean should be Tt 0065 which
is indeed close to the result from Gnuplot.
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3.10 Defining fit functions

Gnuplot allows you to define your own functions as shown above.

These can be simple expressions, such as polynomials, or be built out of pre-existing
Gnuplot functions.

The most useful of the pre-existing functions are:

Sinusoid) sin, cos, tan, asin, acos, atan

)

Exponential) exp, log

Bessel) besj0, besjl
)

Others) sqrt, erf, abs, gamma

3.11 Help in gnuplot

The command “help” is probably the most useful. Try:

e help plot
e help fit
e help set

Ranges for graphs, titles, axis labels, logarithmic axes etc. can all be set with the set
command.

3.12 More information

Gnuplot is installed in the CP Lab, and can be run as gnuplot44

See:
http://gnuplot.sourceforge.net/

The following links within sourceforge are very useful

e Demos
e Documentation

e Tutorials, learning and help
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