
Particle Physics
Dr Victoria Martin, Spring Semester 2013

Lecture 3: Feynman Diagrams, Decays and Scattering

★Feynman Diagrams continued
★Decays, Scattering and Fermi’s 

Golden Rule
★Anti-matter?
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Notation Review
•A µ sub- or super- script represents a four vector, e.g. xµ,  pµ, pµ

•  µ runs from 0 to 3

•This lecture also introduce other quantities with µ index, µ=0,1,2,3

•The scalar product of two four vectors

•The three dimension differential operator

•Four dimension differential operator

pµ = (p0, p1, p2, p3) = (E, px, py, pz)

aµbµ = a0b0 − a1b1 − a2b2 − a3b3
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Scattering Theory
•Consider the interactions between elementary particles.

•Review from Quantum Physics, Lecture 12, 13: Quantum Scattering 
Theory & the Born Approximation

•Born Series: we can think of a scattering in terms of series of terms

•1 boson exchange is more probable than 2 boson exchange which is 
more probable than 3 boson exchange…

•The total probability for a scattering is the sum of all possible numbers 
of boson exchange:

•Feynman diagrams make use of the Born series to calculate the 
individual terms in the matrix elements series Mi 

13 Further Concepts in Quantum Scattering Theory

13.1 Born Series, Green Functions - A Hint of Quantisation of the Field

Solving the Schroedinger equation using Green Functions automatically gives a solution in a form
appropriate for scattering. By making the substitution E = h̄2k2/2µ and U(r) = (2µ/h̄2)V (r) we
can write the TISE as:

[∇2 + k2]Φ = U(r)Φ

For U(r) = 0 this gives φ0(r) = Aeik.r, a travelling wave. We now introduce a ‘Green’s Function’
for the operator [∇2 + k2], which is the solution to the equation:

[∇2 + k2]G(r) = δ(r)G(r) G(r) = − exp(ikr)/4πr

δ(r) is the Dirac delta-function as is δ(r)G(r), since G(r) diverges at the origin. G(r) has the
property that any function Φ which satisfies

Φ(r) = φ0(r) +
�

G(r − r�)U(r�)Φ(r�)d3r�

where φ0(r) is the free particle solution, will be a solution to the TISE. Since φ0(r) is the unscat-
tered incoming wave, the second term must represent the scattered wave.

Thus the general solution to the TISE is given by:

Φ(r) = Aeik.r +
�

G(r − r�)U(r�)Φ(r�)d3r�

In this expression, Φ appears on both sides. We can substitute for Φ using the same equation:

Φ(r) = Aeik.r +
�

G(r − r�)U(r�)Aeik.r�
d3r� +

� �
G(r − r�)U(r�)G(r� − r��)U(r��)Φ(r��)d3r�d3r��

Repeated substitutions gives the Born series, terminated by a term involving Φ(r) itself. If the
potential is weak, the higher order terms can be ignored. The first order term is just the matrix
element between the incoming plane wave and the Green function: the Born approximation again!
If we think of the potential U as an operator, the first term represents the incoming wavefunction

Single Scattering ~ U Double Scattering ~ U 2 Multiple Scattering

++ + + ...

+No  Scattering + +

Figure 12: Born Series - scattering as series of terms

being operated on once. The second term represents the incoming wavefunction being operated
on twice. And so forth. This suggests a way of quantising the effect of the field: The first order
term corresponds to a single scattering event, the second order term to double scattering etc.

48

Mtot =M1 +M2 +M3 . . .
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Drawing Feynman Diagrams 

Initial state 
particles on 

the left

Final state 
particles on 

the right“virtual” bosons 
are exchanged 
in the middle

Each interaction vertex  
has a coupling constant

 fermions  antifermions  photons,
W, Z bosons

 gluons H bosons

Times flows from left to right
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The Feynman Rules
 Each part of the feynman diagram has a function associated with it. 

Multiply all parts together to get a term in the Born expansion

 Initial and final state particles have wavefunctions:
 Spin-0 bosons are plane waves
 Spin-½ fermions have Dirac spinors 
 Spin-1 bosons have polarization vectors εµ

 Vertices have dimensionless coupling constants:
 Electromagnetism has  √α = e 
 Strong interaction has  √αs = gs
 Weak interactions have gL and gR (or cA and cV)

 Virtual particles have propagators, qµ is momentum transferred by boson
 Virtual photon propagator is 1/q2

 Virtual W/Z boson propagator is 1/(q2 –MW
2); 1/(q2 –MZ

2)
 Virtual fermion propagator is (γµqµ + m)/(q2 – m2)

    γµ (Gamma matrices) and spinors … next lecture
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Plane Waves

•Define the probability current for the particle

jµ = i [ψ∗ ∂µψ − ψ ∂µψ∗]

p · x = pµxµ = �(�k · �x− ωt)

•Plane wave can be used to describe spinless, chargeless particles:

ψ = e−ip·x

•Note this is a four-dimensional quantity:

jµ = (j0,�j)

•For a scattered particle changing momentum pi→ pf: 

jµ(i→ f) = i
�
ψ∗f ∂µψi − ψi ∂µψ∗f

�

= (pi + pf )e−i(pi−pf )·x

Wave for final stateWave for initial state
ψi = e−ipi·x ψf = e−ipf ·x
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Matrix Element for Spinless Scattering

Hypothetical interaction in which two 
spinless charged particles exchange 
one virtual photon

p1

p2 p4

p3

q = p1 – p3 = p4 – p2 

Vertex
Couplings

Photon
Propagator

Plane Waves Four momentum
conservation

√α

√α

M =
α

q2
(p1 + p3)(p2 + p4) δ4(p1 + p2 − p3 − p4)

M =
α (s− u)

t
(in terms of Mandelstam variables)                

7



Mandelstam Variables

s = (p1+ p2)2
 

s-channel 

u-channel 

t-channel t = (p1− p3)2
 

u = (p1 −p4)2
 

Introduce the Lorentz invariant scattering variables: s, t and u

For highly relativistic elastic scattering
p ~ E, m << E:

s  = 4 p*2

t  = −2 p*2 (1−cos θ*)        
u = −2 p*2 (1+cos θ*)

with p*=p1=p2 is the CM momentum of the 
particles, and θ* is the CM scattering angle 

p1

p1

p2

p2

p3

p3

p4

p4

p4

p1 p3

p4

p4p4

e+

e− e−

e+
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Measuring Interactions
•To test the Standard Model (or any other model) of particle physics, 

relate Feynman diagrams with measurable quantities.

•Two main measurable processes in particle physics:
★ particle decay  e.g.  A → c d
➡measure decay width, Γ (A → c d)

★ scattering         e.g. a b → c d
➡measure cross section, σ (a b → c d)

•Related to M (calculated from Feynman diagrams) through Fermi’s Golden 
Rule:

Γ ∼ 2π

� |M|2ρ σ ∼ 2π

� |M|2ρ

•ρ is the phase space - a purely kinematic quantity 

              (see tutorial sheet and/or Griffiths Appendix B)
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Measuring Decays
•Measure the lifetime of a particle in its own rest frame.

•Define the decay rate, Γ: the probability per unit time the particle will 
decay: 

•Mean lifetime is τ =1 / Γ (natural units).  

• For τ in seconds can use τ = ℏ / Γ 

dN = −ΓNdt N(t) = N(0)e−Γt

•Most particles decay more than one different route: add up all decay 
rates to obtain the total decay rate:

Γtot =
n�

i=1

Γi

•The lifetime is the reciprocal of Γtot: τ =
1

Γtot

•The different final states of the particle are known as the decay modes.

•The branching ratio for the ith decay mode is: Γi/Γtot
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Example: Decays of the K0S meson
• Collated by the particle data group: http://pdglive.lbl.gov

Citation: K. Nakamura et al. (Particle Data Group), JP G 37, 075021 (2010) and 2011 partial update for the 2012 edition (URL: http://pdg.lbl.gov)

Scale factor/ p

K0
S DECAY MODESK0
S DECAY MODESK0
S DECAY MODESK0
S DECAY MODES Fraction (Γi /Γ) Confidence level (MeV/c)

Hadronic modesHadronic modesHadronic modesHadronic modes
π0π0 (30.69±0.05) % 209

π+π− (69.20±0.05) % 206

π+π−π0 ( 3.5 +1.1
−0.9 ) × 10−7 133

Modes with photons or "" pairsModes with photons or "" pairsModes with photons or "" pairsModes with photons or "" pairs
π+π−γ [f,m] ( 1.79±0.05) × 10−3 206

π+π− e+ e− ( 4.79±0.15) × 10−5 206

π0γγ [m] ( 4.9 ±1.8 ) × 10−8 231

γγ ( 2.63±0.17) × 10−6 S=3.0 249

Semileptonic modesSemileptonic modesSemileptonic modesSemileptonic modes
π± e∓ νe [n] ( 7.04±0.08) × 10−4 229

CP violating (CP) and ∆S = 1 weak neutral current (S1) modesCP violating (CP) and ∆S = 1 weak neutral current (S1) modesCP violating (CP) and ∆S = 1 weak neutral current (S1) modesCP violating (CP) and ∆S = 1 weak neutral current (S1) modes

3π0 CP < 1.2 × 10−7 CL=90% 139

µ+µ− S1 < 3.2 × 10−7 CL=90% 225

e+ e− S1 < 9 × 10−9 CL=90% 249

π0 e+ e− S1 [m] ( 3.0 +1.5
−1.2 ) × 10−9 230

π0µ+µ− S1 ( 2.9 +1.5
−1.2 ) × 10−9 177

K 0
LK 0
LK 0
LK 0
L I (JP ) = 1

2 (0−)

mKL
− mKS

= (0.5292 ± 0.0009)× 1010 h̄ s−1 (S = 1.2) Assuming CPT
= (3.483 ± 0.006) × 10−12 MeV Assuming CPT
= (0.5290 ± 0.0015) × 1010 h̄ s−1 (S = 1.1) Not assuming

CPT
Mean life τ = (5.116+-0.021)× 10−8 s (S = 1.1)

cτ = 15.34 m

Slope parameter gSlope parameter gSlope parameter gSlope parameter g [b]

(See Particle Listings for quadratic coefficients)

K0
L → π+π−π0: g = 0.678 ± 0.008 (S = 1.5)

KL decay form factorsKL decay form factorsKL decay form factorsKL decay form factors [d]

Linear parametrization assuming µ-e universality

λ+(K0
µ3) = λ+(K0

e3) = (2.82 ± 0.04) × 10−2 (S = 1.1)

λ0(K
0
µ3) = (1.38 ± 0.18) × 10−2 (S = 2.2)

HTTP://PDG.LBL.GOV Page 5 Created: 6/16/2011 12:05

Citation: K. Nakamura et al. (Particle Data Group), JP G 37, 075021 (2010) and 2011 partial update for the 2012 edition (URL: http://pdg.lbl.gov)

K 0K 0K 0K 0 I (JP ) = 1
2 (0−)

50% KS , 50% KL

Mass m = 497.614 ± 0.024 MeV (S = 1.6)
mK0 − mK± = 3.937 ± 0.028 MeV (S = 1.8)

Mean Square Charge RadiusMean Square Charge RadiusMean Square Charge RadiusMean Square Charge Radius
〈
r2

〉
= −0.077 ± 0.010 fm2

T-violation parameters in K0-K0 mixingT-violation parameters in K0-K0 mixingT-violation parameters in K0-K0 mixingT-violation parameters in K0-K0 mixing [d]

Asymmetry AT in K0-K 0 mixing = (6.6 ± 1.6) × 10−3

CPT-violation parametersCPT-violation parametersCPT-violation parametersCPT-violation parameters [d]

Re δ = (2.3+-2.7) × 10−4

Im δ = (0.4+-2.1) × 10−5

Re(y), Ke3 parameter = (0.4+-2.5)× 10−3

Re(x−), Ke3 parameter = (−2.9 ± 2.0) × 10−3
∣∣mK0 − mK0

∣∣ / maverage < 8 × 10−19, CL = 90% [k]

(ΓK0 − ΓK0)/maverage = (8 ± 8) × 10−18

Tests of ∆S = ∆QTests of ∆S = ∆QTests of ∆S = ∆QTests of ∆S = ∆Q

Re(x+), Ke3 parameter = (-0.9+-3.0) × 10−3

K 0
SK 0
SK 0
SK 0
S I (JP ) = 1

2 (0−)

Mean life τ = (0.8953 ± 0.0005)×10−10 s (S = 1.1) Assum-
ing CPT

Mean life τ = (0.8958 ± 0.0005)× 10−10 s Not assuming CPT
cτ = 2.6842 cm Assuming CPT

CP-violation parametersCP-violation parametersCP-violation parametersCP-violation parameters [l]

Im(η+−0) = −0.002 ± 0.009
Im(η000) = (−0.1 ± 1.6) × 10−2

∣∣η000
∣∣ =

∣∣A(K0
S → 3π0)/A(K0

L → 3π0)
∣∣ < 0.018, CL = 90%

CP asymmetry A in π+π− e+ e− = (−0.4 ± 0.8)%

HTTP://PDG.LBL.GOV Page 4 Created: 6/16/2011 12:05

• Which decay modes happen and which not provide information on 
symmetries and quantum numbers
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Key Points

• Interactions in particle physics are caused by the exchange of bosons 
(photon, gluon, W, Z).

•Use perturbation theory to describe the interactions in terms of 
numbers of bosons.

➡ 1 boson exchange is most probable
➡ 2 boson exchange is next most probable
➡ 3      “       “          “   “      “       “       
➡ 4 …

•Use Feynman diagrams to illustrate these terms in the perturbation 
series

•Use Feynman rules to calculate a value for each Feynman diagram, 
the matrix element, M

•The matrix element is used to calculate cross sections and decay 
widths to compare to experimental results. 
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