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Tutorial Solutions

2 Scalar Diffraction

The first two questions explore the required assumptions to obtain Fresnel diffraction from the
full scalar theory. The second question looks at the practical implications of these approxima-
tions and although rather difficult, should be worked through. The algebra in the last part of the
second question is rather messy, and while the details are beyond this course the final result is
very important.

The next three questions detail the three solvable cases in Fresnel diffractions. The details of
these are beyond this course they are included here for completeness and you are encouraged
to look at them.

2.1 Approximations

The full Rayleigh-Sommerfeld diffraction equation for propagation between two pRyreasd
P separated by a distaneés given by:

u(x.y2) //Uo st) { }Izexpilkl)dsdt

whereug(X, y) is the amplitude distribution iRy, u(X,y; z) the amplitude distribution i, and

12 = (x—98)°+ (y—t)2+ 2.

Derive an expression for the amplitude distributigx,y; z) assuming the Fresnel Approxi-
mation stating the approximations make. Show that this can be written as a convolution the
form

Uu(X,y; 2) = Uo(X,y) © h(x,y;2)
whereh(x,y; z) is the Fresnel free space propagation function.
This can then be written, in Fourier Space, as

U(u,Vv;z) =Uo(u,v) H(u,v; z).
Derive an expression thé(u, v; z)
Hint: You will need to use the result “Fourier Transform; (What you need to know)”
Solution

Firstly take the Kirchoff approximation which is valid if the planes are spearated by more than
“a-few” wavelengths (see next solution for examples). Look at the terfh imhich we can

write at
A
21

so noting that > zthen ifz > A then this term— —1, giving the Kirchoff approximation of

U(X ¥:2) )\// zexp(lkl)dsdt
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For the Fresnel approximation we take the paraxial approximation, so we assurRg dhdt
P, are “small” and well separated, (see next solution for numerical examples). Consider multi-
plicative term in the integral, which we can write as:

Iizexp(u(l)

and, if we leta= x—sandb = y—t, we can write

2 2N 1/2
| — <1+az+b>

If the planes are small and well separated, tagn< z, so we can take Taylor expansionlof
as follows:

Amplitude Term: TakeZero Orderapproximation, so

z 1
— ~ — = Constant
I z
Phase Term: TakeFirst Order approximation, so
Kl ~ Kz+ £(a2—|— b?)
2z

Note: you need to take tHérst Order approximation for the phase term since it is multiplied
by kK which is typically alarge number.

Taking these two approximation, we get the Fresnel Approximation of

u(x,y; ) _exf;(\lsz // (s,t) exp<|—((x s)? (y—t)2)>dsdt

If we note that the convolution integral is given by

f(xy) 0 gxy) = [ [ 1(s8) g((x~9).(y~1)) s
then the above expression is obviously a convolution with
Uu(X,y;z) = Uo(X.y) © h(X.y; 2)

where we have that

h(x,y;z) = exf;(\lsz) exp<|2£z(xz—|—y—2)>

which is the Fresnel Free Space Progagation function stated in Lectures.
Since this in a convolution in real space, then in Fourier space we have that

U(u,v;z) =Uo(u,v) H(u,v; z).

whereH(u,v;z) = F {h(x,y;2)}, which noting that thr Fourier Transform in linear, we can
write as

H(uv;z) = exf;\IZKZ) /exp<|2£2x2> exp(—|2Tqu)dx/exp<|2£Zy2> dxexp( —12mvy)dy
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so we need only evaluate one of the integrals.
Noting the result given that

/_: exp(—bx%) expliax)dx = \/gexp (— Z—Z)

(See “Mathematical Handbook”, MR Spiegel, McGraw-Hill, Page 98, Definite Integral 15.73.
The given identy is actually,

/Om exp(—b>x@) cogax)dx = %\/gexp (— Z—Z)

but this can be extended to thre— o0 exp() integral required by noting that the ¢gss sym-
metric so—o — o integral is double the 6+ « integral and that sif is anti-symmetric to the
oo — oo integral is zero.)

If we letb = ‘2—'; anda = 2ru then

/exp<|2£2x2> exp(—12mux)dx = \/l%nexpo?uZ) = v/ IAzexp(ITeAu?)

We get the same expression for thimtegral, so multiplying these together we get,
H(u,v;2) = exp(1Kz) exp(ITeA (U? + V)

which is also a quadratic phase term.

Noteu, v are Spatial Frequency, so have dimensions of Both exg) terms thus have dimen-
sionless operands (as would be expected!).

2.2 Intensity Variations

For a point source of amplitudelocated af 0, 0) in planePy, calculate the expression for the
the intensity in plan®; which is parallel to? and separated by a distarcesing.

1. the Rayleigh-Sommerfeld relation,
2. the Kirchoff approximation,
3. the Fresnel approximation.

Show that themaximumintensity difference between Rayleigh-Sommerfeld and Kirchoff ex-
pressions occurs on-axis and calculate the distance between the planes when the two results
differ by i) 1%, ii) 2% and iii) 5%.

Using MAPLE or GNUPLOT plot the intensity pattern when the planes are separatezhby
wavelength for the Rayleigh-Sommerfelddthe Kirchoff approximation. Is this plot consis-

tent with your answer above?

Show that the fractional difference between intensity predicted by the Fresnel and Kirchoff
approximations is zero on-axis,and and is given by

£ ~ 202
there is the off-axis angle. Calculate the maximum angle for an error of i) 1%, ii) 2% and
iii) 5%.
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Solution

For a point at positiofi0, 0) in planeP, then in plane we have

Up(X,Y) = AJ(X,Y)

so thatP; we get,

u(x,y;z)

U(x,y;2) = Uo(X,y) © h(x,¥;2) = Ah(x,y; Z)
whereh(x,y; z) is the Free Space Propagation Functiea the intensity ifPy is
9(xY;2) = |Ah(x,y;2)?
Rayleigh-Sommerfeld:the full solution is given by

1 I} Zexp(IKr)

Kt |r r

hr(x.y;2) = % [

so the intensity

v A2
cn A2
GR(X.Y:2) = A A2r4 {H_ 4T[2I’2]

wherer? = x% 4+ y?2.
Kirchoff Approximation: we have that

1 zexpikr)
hK(va’Z)_ AT r
so the intensity is:
Ok (X.Y;2) = AZW

Fresnel Approximation: we have that

ez = 0D e (1 417

so that th intensity

1
g(x,y;z) = A>—— = Constant
A\2z2
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Part b: The difference between the Rayleigh-Sommerfeld and Kirchoff intensity is given by

2
AJ(X.Y;2) = GR(X.Y;2) — Gk (%.;2) = A% 5

For a given plane separatiarsincer? = x2 +y? + 72, then the® is aminimum whenx =y = 0.
So thatAg is amaximum whenx =y = 0, so that the biggest difference occurs on the optical
axis.

The fractional difference on-axis is given by

Ag(0,0;2) A2
0k(0,0;2) 4122

For a 1% error:

A2 1 10
— = = _—A =159\
a2 100 - ¢ 21 59
For a 2% error: )
A 1 5
— = — =—A=112\
4822 50 - Z V21
For a 5% error: ) /B
A 1 5
mZ 20 — 2T hmornA

So provided that the planes are separated by more than a “few wavelengths” the difference be-
tween the Rayleigh-Sommerfeld and the Kirchoff approximations is very small, and in almost
all cases can be ignored.

Part c: With a plane separation of one wavelength, taenA. We then want to plot the two
functionsgr(x,0;A) andgk (X, O;A). Itis also convenient to sét= 1 thenz= 1 andx-axis has
units of wavelengths. The plot using, in this c@&eUPLOT is:

1.2

RS(x,1) ——

1t
0.8
0.6
04

0.2

whereRSx, 1) is the Rayleigh-Sommerfeld ad x, 1) is the Kirchoff. We see from this plot
that the Rayleigh-Sommerfeld is slightly “taller and thinner” than the Kirchoff with the largest
difference asx = 0 which is the “on-axis” point. This is in exact agreement with the above
analysis.

Aside: if you repeat this plot far> 3\ then the two plot are essentially identical. This is further
confirmation that provided that the planes are separated by more than a “few” wavelengths the
Kirchoff approximation is good enough in all practical situations.
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Part d: the difference between the Kirchoff and Fresnel approximation is given by

1 z
AY(X.Y;2) = Ok(X.Y: 2) — OF (X.Y;2) = A2 kv {1— _]

Note that on-axis, where=y = 0 sor = zthen the both approximations give the same answer.
The fractional change is thus given by

AY(X.Y;2) [1 Z }
9F (X,Y;2)
So for a given errog, we have that

:[1—é] = r’= z
r 1-¢

We have that? = x? 4 y?, so if we defingd? = x° + y?, we have that? = p? + 7%,

a(x,y;2)

N

(@)Y)
—
o)

so we get that

which can be written as:

p? =2

| — |
'l_‘ [
m
|
_

If we assume thgp < zthen we have that

NI'O
ﬁp
m

and additionally, if we assume that< 1 we can expand the inner square root to get

0~

e

so that
£~ 202

At 1% error: € =0.01, so that

emax — 007 Rad|an& 40
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At 2% error: € =0.02, so that
BOmax= 0.1 Radians=5.73"

At 5% error: € = 0.05, so that
Bmax = 0.161 Radians= 9.2°

So the Fresnel approximation is valid on-axis and for a few degrees off-axis but the error rises
with the square of the angle. Useful until abati 0 off-axis. Note this approximation is a
much greater problem since there ananyoptical systems with a field of view greater than
+10°.

2.3 Fresnel Diffraction from a Rectangular Aperture

Analytic solutions for Fresnel diffraction are few and far between, and even the simple cases
result in fairly horrible mathematical manipulation and special functions. This is one of the few
reasonable tractable cases!

Consider a rectangular aperture of size<2b in planeR, illuminated by a collimated beam of
wavelength\. Show that the Fresnel approximation gives artdnsityin a planeP; a distance
zby:

1(%:2) = 7 {IC(02) — Clo) P+ [S(a2) — Sian) P} { C(B2) — (o) -+ 1S(B2) — SBu) 2]

where
[ 2
a; = )\_Z(X—I— a)

B2 = \/%(y— b)

C(p) andS p) are theFresnel Integralgjiven by
_ /[P mo P (TU 2
C(p)_/O cos<§u ) du and S(p)_/o sm(zu ) du
Hint: The both Fresnel Integrals are anti-symmetric (odd), saGhap) = —C(p) andS(p) =
—S(p)-
Solution

Take the rectangular aperture of sizex22b illuminated with a collimated beam to be in plane
Po, so the amplitudep(x,y) is given by,

u(x,y) = 1 for|x|<aandly|<b
0 else
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so the amplitude distribution iR; a distancezm from the eqgation at the top of slide 18 is,

u(x,y; ) _exf;(\IZKZ/ / exp{ —s)? (y—t)z)} dsat

This integral is separable, (due the éxjand the simple shape of the aperture), so can be
written as:

u(x,y,z) = exf;(\lsz) /_Zexp(lz—i(x—s)2> ds/_iexp(lz—I;(y—tF) dt

Look at one of these integrals and expand theg gipterms of co§) and sin) to get,

aexp M (x—9?) ds= " cos X x—9?) ds+1 " sin X ix—9?) d
/—a (22 ) /—a (22 ) /—a (22

Now substitues
=/ 2 (X—s)
P= Az

so the limits of integration become

2

—-a — alzw/)\—z(xira)
2

a — azzw/)\—z(x—a)

So giving the above integral as

3 (3 B o

using the fact that the cs’) and smiu ) integrals are odd, finially, get that

AlC(az) —C(aa)] +1A[S(az) — Sa1)]
whereC() andS) are the Fresnel integrals aAd= \/Az/2.
The integral is the direction is identical, so with

[31—\/7(Y+b)
[32—\/7()/ b)

A[C(B2) — C(B1)] +1A[S(B2) — S(B1)]
so finally we can substitute these two solutions to get
u(x,y; z) = B{[C(az2) — C(a1)] + 1 [S(az) — S(a1)]} x
{IC(B2) — C(Bw)] + 1[S(B2) — S(Ba)]}

we simply get it to be:

where

B=A? exf;(\lsz) = Lllexp(u(z)

The intensity is now just the square modulusif, y; z) which is

1(%:2) = 7 { IC(02) — (o) P+ [S(a) — Sian) P} | C(B2) — (o) -+ 1S(B2) — SBu) 2

as required.
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2.4 Fresnel Diffraction from One dimensional Objects

Using the above expression for the Fresnel approximation (whether you can prove it or not!)
for the intensity diffracted from a rectangle in plaRg derive expressions for the intensity
diffracted into pland when the object in plang is:

1. Along thin slit of width 2.
2. A*knife-edge” aty = 0.

where the separation between the planes is
Hint: You will have to “look-up-in-a-book” what happens®@jp) andS(p) asp — +oo!

The two Fresnel integrals have no analytical solutions but can be numerically calculated rela-
tively simply and efficiently depending on the size|pfby either series summation or contin-
uing fractions. There are two demonstration programs located at:

“wjh/mo/examples/edge

and
“wjh/mo/examples/slit

that solve these numerically. Use these to explore the effects of Fresnel diffraction for slits and
edges. (There is no programming, just run the programs and respond to the prompts.)

Both these programs assume HeNe wavelength (633 nm) and produce graphs with 1024 points
which can be optionally saved as encapsulated Postscript.

Aside: Youcan do this calculation “manually” by using the Cornu Spiral, which is a plot

of §(p) againstC(p), and a ruler, but you should be using late 20th century technology and
methods rather than tables and graphs from 18th century Frenchmen! See Guenther, Appendix
11-B, page 468 if you must!

Solution
1) With a slit of width 2a the amplitude distribution iR is

up(xy) = 1 for|x|<a
= 0 else

or alternatively it is a rectangle with thedimension of 2 and they dimension beindp = .
Putting this in the above relation for the intensity diffracted from a rectangular aperture we have

Br=c and; = —cw
so noting, from standard maths books, we have that
C(0) =Y) =05 and C(—w)=Y—w)=-0.5

then the intensity in plang is then
1
1(x:2) = 5 { IC(02) - Clow) P+ |S(a2) — S(aw)|* |
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ap = \/%(X—F a)
o2 = \/%(x— a)

2) With a “knife-edge” atx = 0 the amplitude distribution iRy is

where, from above

ug(x,y) = 1 forx>0
= 0 else

but this can be also be considered as a slit with one side=a0 and the other side at.
Now noting that the twan(s) above have terms of the for(m+ a) they are recognised as
being associated with the location of the two edges of the slit. In particular, by looking at the
limits of integration in the previous solution, we had an integration ferar— a (limits of
the rectangle) that was transformed (by substitution) to an integral with lamits a,. This
allows us to recognise that

01 = Duetoedge at=—a

0, = Duetoedgeat=a

So to form the “knife-edge” we move the slit edge fram: o, and from—a — 0 we have that

a 2 X
DY
O = —

so by simply substituting into the above intensity relation for a slit we get the intensity diffracted
from a “knife-edge” to be

1
1(2) =5 {|C(a1) 0.5+ |Say) + o.5|2}
Numerical Simulations:
The Fresnel approximation is valid for,

1. Feature size of object- A, for for HeNe light slit should be wider than about |36
which is about 5& A. There is no restriction for the knife edge.

2. Plane separation must fzeA. (Not a significant restriction).

3. Dimensions in planBy andP; <« z, so minimum plane separation should be about 20
width of the slit.

Typical results:
Slit: of width 0.5mm, wavelength of 633nm (HeNe laser) and distances as shown,

05 1 16
0.45 09 14

04 08
12
035 07
03 06 1
025 05 08

02 04 06
015 03
04
01 02
02

0.05 0.1
0
-4

0 0
3 2 1 0 1 2 3 4 -1 -08 06 -04 02 0 02 04 06 08 1 -1 -08 06 -04 02 0 02 04 06 08 1

800 mm 400mm 200mm
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16 14 16

14 12 14
12 12

1 1
08 08
06 06
04 g 04

0.2 0.2 0.2

0 0 0
-1 -08 06 -04 02 0 02 04 06 08 1 -1 -08 06 -04 02 0 02 04 06 08 1 -1 -08 06 -04 02 0 02 04 06 08 1

100 mm 50mm 10mm

These results show that for very largg> 800 mm) then the intensity pattern is the girfc
expected for far field diffraction, while for small(ishg £ 10 mm) distances we get essentially
the same shape as the slit but with high frequency “interference” fringes.

Note for small(ishgthe values o, anda, become large and thi& ) andS) integrals become
highly oscillators and subject to large numerical calculation errors.

Aside: Numerical calculation of any diffraction effects is littered with numerical problems
and in fact calculation of Fresnel diffraction for arbitrary shaped two-dimensional apertures
is still an active topic in computational physics. The calculation of Kirchoff diffraction is far
worse since there are no separable solutions and direct calculation involves the summation of
a large numbers of highly oscillatory term. Trying do to the calculation in Fourier space looks
attractive but in fact is just as problematical!

2.5 Poisson Spot

Poisson’s Spot is one of the great results of classical physics. The aim is to use Fresnel diffrac-
tion to calculate the intensity pattern “on-axis” behind an opaque disc of radileen it is
illuminated by a collimated beam.

To perform this you must:

1. Calculate the amplitude “on-axis” in plaReie, u(0,0;z) when the object in plang is
a transparent disc of radias

2. Use Babinet’s principle which states that the and amplitude diffracted from a opaque ob-
ject is the amplitude if no object is presenthe amplitude diffracted from the equivalent
transparent objectNote: this is a direct consequence of the Helmholtz equation, from
what Fresnel diffraction was derived, being linear!

You will get a surprising result!

Solution
Start with a circular object in plarig) of radiusa, so the amplitude in this plane is just,

Up(xy) = 1 forx?+y?<a?
= 0 else

Fresnel diffraction to planB; a distancez away is given by,

u(x,y; z) _exf;(\IZKZ //uo s t) exp{ (x—9)%4(y—t)?)| dsdt
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We are dealing with a cylindrical system so the area of integration is much simpler in polar
coordinates of
s=pcosB and t=psind

which, on-axis, ak =y = 0, we get,

u(0,0;z exf;(\IZKZ /21'[/ xp[ } pdpdo

There is nd@ dependence, so tieintegral simply results in at2constant, giving,

u(0,0;2) = M/ exp['z—';pz] pdp

Az
Aside: The integral

/Or exp(ir?)rdr = % (1—rexp(ir?))

which you can, fairly easily, shown using integration by substitution=of?2.
Now letting

s— . /X
- 22p

we get that

u(0,0;2) = Z"L“'KZ)<2—2>/ exp(1s?) sds

V4 K

wheresy = \/K/2za, which, from above gives,

u(0,0;z) = —1exp(1K2) (1— |exp<|K2—€;2>>

The intensity is the square modulus of this, which gives, after a bit of tricky manipulation, that,

1(0,0;2) = 200§<;ZZ>

SO you set a series of bright and dark spots in the centre.

Babinet’s principle states that the diffraction in plaefrom an opaque object in plarig
will be the amplitudes of there is no presenthe amplitude for the transparent version of the
object.

If there is no object in plang&, then in planeP; after the light have traveled a distangehe
amplitude will be

V(X,Y;z) = exp(IKz)
so behind the disc, on-axis, the amplitude distribution will be

exp(1Kz) + 1exp(1Kz) (1— |exp<|K2—8;2>>

The intensity is the square modulus of this, which as above, after some rather tricky manipula-
tion, gives the result that:

1(0,0;2) = 2005(5)
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S0 again a series of “bright spots” on-axis, which is a little “odd™!

Historical background: The result was first derived by Poisson in an attempt to discredit the
wave theory of light but forward by Fresnel. Poisson was convinced by the Newtonian particle
theory of light. The argument was that the bright spots predicted behind a opaque circular disc
were “contrary of common sense”. Initially, in a crude experiment, Poisson did not find these
spots. However a later more careful experiment showed then. This discovery was a verification
of Fresnel theory which is one of the cornerstones of classical physics. Itis direct experimental
proof of the wave theory of light and could not be explained by any “particle” based theory.
This type of results is not particularly surprising is view of Maxwell equations, but remember
that Fresnel and Poisson pre-date Maxwell by about 50 years.
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